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HIGHER RANK FLAG SHEAVES ON SURFACES AND VAFA-WITTEN
INVARIANTS
ARTAN SHESHMANI AND SHING-TUNG YAU
Abstract
We studymoduli space of holomorphic triples E1
φ
−→ E2, composed of torsion-
free sheaves Ei, i = 1, 2 and a holomorphic mophism between them, over a
smooth complex projective surface S. The triples are equipped with Schmitt
stability condition [S00]. We observe that when Schmitt stability parameter
q(m) becomes sufficiently large, the moduli space of triples benefits from hav-
ing a perfect relative and absolute deformation-obstruction theory in some
cases. We further generalize our construction by gluing triple moduli spaces,
and extend the earlier work [GSY17a] where the obstruction theory of nested
Hilbert schemes over the surface was studied. Here we extend the earlier re-
sults to the moduli space of chains
E1
φ1
−→ E2
φ2
−→ · · ·
φn−1
−−→ En,
where φi are injective morphisms and rk(Ei) ≥ 1, ∀i. There is a connection, by
wallcrossing in the master space, between the theory of such higher rank flags,
and the theory of Higgs pairs on the surface, which provides the means to
relate the flag invariants to the local DT invariants of threefold given by a line
bundle on the surface, X := Tot(L → S). The latter, when L = ωS, provides
the means to compute the contribution of higher rank flag sheaves to partition
function of Vafa-Witten theory on X.
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1. Introduction
This paper is an attempt to generalize some of the recent developments in
Donaldson-Thomas theory, namely the mathematical theory of Vafa-Witten in-
variants of complex surfaces constructed in [TT1, TT2], and its connections to
local Donaldson-Thoms theory developed in [GSY17a,GSY17b]. In the approach
of [GSY17b, TT1] the Vafa-Witten invariants of a smooth projective surface S are
constructed as the reduced DT virtual cycle invariants of two dimensional sheaves
on the total space of the canonical bundle KS. In fact, in more generality the con-
struction of loc. cit. involves equivariant residual invariants of two dimensional
sheaves on a noncompact threefold X, given by the total space of an arbitrary line
bundle L on S. The authors in [GSY17b] showed that the local DT invariants
of X, in some cases, enjoy receiving nontrivial contributions from invariants of
nested Hilbert schemes, which parametrize the nested flags of ideal sheaves of
(non-pure) one dimensional subschemes of S. In fact the study of local DT theory
of local-surface threefolds, was the main reason for the authors in [GSY17a] to de-
velop a well-behaved deformation-obstruction theory for nested Hilbert schemes
on complex smooth projective surfaces (as an intrinsic surface theory) and com-
pute their virtual cycle induced invariants in some manageable cases. The current
article has a similar birth story, and the study of local DT theory of noncompact
local-surface threefolds has made it clear that a construction is needed, again as
an intrinsic surface theory, for a well behaved deformation-obstruction theory of
flags
E1
φ1
−→ E2
φ2
−→ · · ·
φn−1
−−→ En,
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in which the torsion-free sheaves Ei might not be ideal sheaves necessarily, and
rather can have higher rank on their support, S.
In Section 2 we start with the most basic version of flags and discuss the the-
ory of stable triples. These are the data of two torsion-free holomorphic sheaves
on S, (E1, E2), and a holomorphic map, φ, between them. We equip these tu-
ples with Schmitt’s stability condition for An quiver representations (Definition
2.3). The Schmitt stability criteria is written in terms of Hibert polynomial for
the quiver and comes with parameters q1 and q2, given both as polynomials (one
would need as many parameters as the number of vertices in a given An quiver).
We then equate the parameters q1 = q2 = q and discuss that the stability criteria
becomes “nice” with this specialization, particularly when q is given by a polyno-
mial with positive large enough leading coefficient. We call stability with respect
to this choice of q, the marginal stability, and refer to the corresponding triples as
q+≫-stable triples. Lemma 2.7 is simple but a key lemma in the paper, as it shows
that the q+≫-stable triples (E1, E2, φ)must satisfy the property that the morphism
φ does not have a kernel. The importance of this fact is that, in construction of de-
formation obstruction theory for holomorphic triples later, the vanishing of kernel
guarantees the perfectness of their deformation-obstruction complex (in particu-
lar the vanishing of its cohomology in degree −2).
In Section 3 we recall the construction of moduli space of holomorphic triples.
In Section 4 we discuss some relations between q+≫-stability and other notions of
stability conditions. In particular we perform several changes of variable from q to
q′ (Definition 4.1) and then to σ (Definition 4.3) and re-write the q-stability criteria
for triples in terms of σ-stability criteria. The motivation to change variables is
that, it is easier to see that the σ-stability relates to Higgs stability of Higgs pairs;
that is, assuming to start from an L -twisted “split” Higgs pair
(1)
(
E1 ⊕ E2
) ψ:=( 0 0
φ 0
)
−−−−−−−−−→
(
E1 ⊕ E2
)
⊗L
for a line bundle L on S, we can naturally associate it to a holomorphic triple
E1
φ
−→ E2⊗L , and show that the Higgs stability of the pair is equivalent to the σ-
stability of the triple when the value of σ is a certain critical value. In fact it can be
shown that for such particular Higgs pairs (or one can view them as their equiv-
alent triples), a continuous perturbation of the parameter σ from large enough
values to this critical value leads to a jumping phenomenon in the behavior of the
moduli space, which can be formulated using the machinery of wallcrossing in
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the master space developed by Mochizuki in [M09] (Remark 11). We analyze this
wallcrossing in detail in a sequel to this article [SY20].
We point out that not every Higgs pair on the surface is split as in (1). Hence
in order to motivate the study of such pairs, we make a digression in Section 5
to the theory of compactly supported coherent sheaves on local surface threefold
X := Tot(L → S) and their connection to such split Higgs pairs on S. We define
a slope stability condition for torsion sheaves with set-theoretic support on S, and
in Section 5.1 study the stable locus of their parameterizing space. Their mod-
uli space is a priori noncompact and hence the Graber-Pandharipande [GP99]
method of virtual localization is needed in order to define the DT invariants of
such moduli space via residue integration over the fixed loci induced by the C∗
action that dilates the fibers of L . We include a construction of a suitable re-
duced obstruction theory, borrowed from [GSY17b], which uses the Behrend and
Fantechi approach [BF97], and show that the obtained reduced obstruction theory
governs the C∗-fixed obstruction theory for the fixed loci of moduli space of stable
torsion sheaves on X (Corollary 5.6). In section 6 we study the fixed loci, which
leads to the connection between the stable C∗-equivariant sheaves on X and stable
(C∗-graded) split L -twisted Higgs pairs on S given as:
(2)
(
E1 ⊕ · · · ⊕ En
) ψ:=

0 0 0 · 0
φ1 0 0 · ·
0 φ2 0 · ·
· · . . . · ·
· · . . . · ·
0 0 . . . φn−1 0

−−−−−−−−−−−−−−−−−−−−−−−→
(
E1 ⊕ · · · ⊕ En
)
⊗L
The latter Higgs pairs are the same as σcrit-stable flags by the analysis in Section
3, which (given the equivalence between σ-stability and q-stability via change of
variable from σ to q) we can re-write as qcrit-stable flags.
In a sequel to current article we apply (and adapt) Mochizuki’s machinery of
wallcrossing in the master space [M02] to the moduli space of split Higgs pairs
induced as the C∗-fixed loci of the moduli space of compactly supported sheaves
on X, and relate the invariants of q+≫-stable flags to invariants of qcrit-stable flags.
Sections 5 and 6 serve merely as segments providing the motivation for study of
higher rank flags in this article, and could be skipped by a reader who is merely
interested in the construction of deformation obstruction theory for flags, purely
as a surface theory.
In Section 7 we start from length 2 flags and construct, in two steps, an absolute
deformation-obstruction theory for q+≫-stable triples φ : E1 → E2. The first step
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is to construct a relative perfect obstruction theory of triples. Relative here means
that we construct an obstruction theory for triples in which the torsion-free sheaf
E1 is not allowed to deform. The moduli space of such rigidified triples is realized
as the fiber of the forgetful map from the moduli space of all triples to the moduli
space parametrizing E1. The central theorem of Section 7 is Theorem 7.3, where
we use the reduced Atiyah classes of Illusie and q+≫-stability to show that the
induced relative obstruction theory is perfect of correct amplitude [−1, 0].
The second step of our construction is explained in Section 7.1, Theorem 7.4,
where we use the cone construction of Maulik-Pandharipande-Thomas [MPT10]
to obtain an absolute obstruction theory for triples. Here, we assume that the
moduli space of sheaves, E1, is given as a smooth projective scheme. The lat-
ter is possible when H1(S,OS) ∼= 0, KS ≤ 0, and E1 satisfies the condition that
gcd(rk(E1), deg(E1)) = 1, or when E1 is given as ideal sheaf of zero-dimensional
subschemes of S with given fixed length. The smoothness property of the moduli
space parameterizing E1 is a restriction imposed on us, due to the lack of sufficient
technical machinery to handle more general situations. The first named author is
currently working on generalizing the construction in this article, in an example,
to the case where the base of fibration is non-smooth, and yet equipped with a
perfect deformation-obstruction theory of amplitude [−1, 0]. The latter construc-
tion is beyond the scope of current article and will be discussed later in a sequel.
In Section 8we generalize our constructions to higher length flags. Herewe con-
struct the moduli space of higher length flags, as an intrinsic moduli theory over
the surface1 , by gluing the moduli spaces of q+≫-triples, however such moduli
spaces can also be realized as the induced C∗-fixed loci of some moduli space of
stable torsion sheaves on the threefold X considered in Sections 5 and 6. In Section
8.1 in cases where it becomes necessary, we construct the reduced obstruction the-
ory for moduli spaces of triples (and similarly higher length flags) using Kiem-Li
co-section localization machinery. An example of such cases is when pg(S) > 0
and the flag
E1
φ1
−→ E2
φ2
−→ · · ·
φn−1
−−→ En
consists of Ei, 1 < i < m ≤ n where rk(Ei) = 1. In the sequel to current article
we will compute an example of our invariants of higher length flag sheaves over
smooth curves of genus g as well as some toric surfaces such as P2 and P1 ×P1,
then we generalize our construction to all smooth projective surfaces.
1That is, we do not necessarily view them as induced C∗-fixed loci of “threefold moduli theory”
for a noncompact local surface threefold.
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2. Stable triples
Definition 2.1. (Holomorphic triples) Let S be a nonsingular projective surface over
C. A holomorphic triple supported on S is given by (E1, E2, φ) consisting of a pair of
coherent sheaves E1 and E2, together with a holomorphic morphism φ : E1 → E2. A
homomorphism of triples from (E′1, E
′
2, φ
′) to (E1, E2, φ) is a commutative diagram:
E′1 E
′
2
E1 E2
φ′
φ
Now let T be a C-scheme of finite type and let πS : S× T → S and πT : S× T → T be the
corresponding projections. A T-flat family of triples on S is a triple (E1, E2, φ) consisting
of a morphism of OS×T modules E1
φ
−→ E2 such that E1 and E2 are flat over T and for
every point t ∈ T the fiber (E1, E2, φ) |t is given by a holomorphic triple (E1, E2, φ) on
S. Two T-flat families of triples (E1, E2, φ) and (E
′
1 , E
′
2 , φ
′) are isomorphic if there exists
a commutative diagram of the form:
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E´1 E´2
E1 E2
φ′
∼= ∼=φ
Definition 2.2. (Type of a triple) A triple of type (−→v 1,
−→v 2) is given by a triple
(E1, E2, φ) such that Ch(E1) =
−→v 1 and Ch(E2) =
−→v 2. Note that by the Grothendieck-
Riemann-Roch theorem, fixing the Chern character vector of sheaves E1, E2 is equivalent
to fixing their Hilbert polynomials: PE1 , PE2 respectively.
Definition 2.3. (Stability of holomorphic triples) Let q1(m) and q2(m) be polynomials
with rational coefficients of degree at most 2. A holomorphic triple T = (E1, E2, φ) of type
(−→v 1,
−→v 2) is called (q1, q2)-semistable (respectively, stable) if for any subsheaves E
′
1 of E1
and E′2 of E2 such that 0 6= E
′
1 ⊕ E
′
2 6= E1 ⊕ E2 and φ(E
′
1) ⊂ E
′
2:
rk(E2)q2(m)
(
rk(E1)PE′1
− rk(E′1)PE1 + rk(E
′
1)q1(m)
)
+ rk(E1)q1(m)
(
rk(E2)PE′2 − rk(E
′
2)PE2 − rk(E
′
2)q2(m)
)
≤ 0/resp. < 0.(3)
Remark 2.4. Here, and throughout the article, when ever we compare two polynomials
of same degree (in m), say p and p′, we use the ordering rule that p < p′ if p(m) < p′(m)
for all m ≫ 0.
Remark 2.5. Now assume (−→v 1,
−→v 2) is given such that
−→v 1 = (r1 ≥ 1, β, n),
−→v 2 =
(r2 ≥ 1,γ,m), β,γ ∈ H
2(S,Z) are effective curve classes, and n,m ∈ Z. Let q1(m) =
q2(m) := q(m) a polynomial of degree at most 2 with positive leading coefficient. Then,
we obtain a simplified version of the above inequality:
r2
(
r1 · PE′1
− rk(E′1)PE1 + rk(E
′
1)q(m)
)
+ r1
(
r2 · PE′2 − rk(E
′
2)PE2 − rk(E
′
2)q(m)
)
≤ 0/resp. < 0.
(4)
Now based on (4) we state a consequence of our new notion of q(m)-semistability
for “torsion-free” triples of type (−→v 1,
−→v 2).
Corollary 2.6. (Conditions imposed on subsheaves of E2) Let q(m) be given by a
polynomial as in Remark 2.5. A holomorphic torsion-free triple (E1, E2, φ) of fixed type
(−→v ∗1 := (r1, β, n),
−→v ∗2 := (r2,γ,m)), r2, r1 ≥ 1, is q(m)-stable (for short q-stable) if
and only if the following conditions are satisfied;
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1) For all proper nonzero subsheaves E′2 ⊂ E2 for which φ does not factor through E
′
2
we have:
r1r2PE′2
< r1rk(E
′
2)PE2 + r1rk(E
′
2)q(m).
2) For all proper subsheaves, E′2 ⊂ E2 for which the map φ factors through:
r2
(
PE′2
+ q(m)
)
< rk(E′2) (PE2 + q(m))
Lemma 2.7. Given a holomorphic triple, (E1, E2, φ) of type (
−→v ∗1 ,
−→v ∗2) as in Remark
2.5, the q-stability of the triple implies that the morphism φ is injective when q(m) ≫ 0
is large enough (i.e. its leading positive coefficient is large enough).
Proof. Assume that (E1, E2, φ) is q-stable and φ is not injective. Now let K :=
ker(φ), which induces the subtriple K → 0 of E1
φ
−→ E2 which clearly destabilizes
(E1, E2, φ) since by substitution we see that:
r2 (r1PK − rKPE1 + rKq(m)) < 0
which does not hold true if q(m) ≫ 0 is large enough, in particular the lower
bound for such values of q is given by
rKq(m) ≥ (rKPE1 − r1PK) .
q.e.d.
From now on, where ever needed, we will denote q+≫ as values of q satisfying
conditions of Lemma 2.7.
3. Moduli scheme of triples
Definition 3.1. (Moduli stack of holomorphic triples) DefineM
(−→v ∗1 ,
−→v ∗2)
T (S, q) to be the
fibered category p : M
(−→v ∗1 ,
−→v ∗2)
T (S, q) → Sch/C such that for all T ∈ Sch/C the objects
in M
(−→v ∗1 ,
−→v ∗2)
T (S, q) are T-flat families of q-stable holomorphic triples of type (
−→v ∗1 ,
−→v ∗2).
Given a morphism of C-schemes g : T → T′ and two families of holomorphic triples
ΛT := (E1, E2, φ)T and ΛT′ := (E1, E2, φ)T′ (sub-index indicates the base parameter
scheme over which the family is constructed), a morphismΛT → ΛT′ inM
(−→v ∗1 ,
−→v ∗2)
T (S, q)
is defined by an isomorphism:
νT : ΛT
∼=
−→ (g× 1S)
∗ΛT′ .
Proposition 3.2. Use definitions 2.1 and 3.1. The fibered categoryM
(−→v ∗1 ,
−→v ∗2)
T (S, q) is
a stack.
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Proof. This is immediate from faithfully flat descent of coherent sheaves and
morphisms of coherent sheaves [V04, Theorem 4.23]. q.e.d.
Next we have to show that there exists an algebraic moduli scheme which
corepresents the moduli functor defining stack of holomorphic triples in Proposi-
tion 3.2; The main requirement to construct such moduli scheme is the bounded-
ness property for the family of triples of fixed given type. Schmitt [S00, Theorem
4.1] studies the construction of the moduli space of quiver representations given
as oriented trees E1 → E2 → · · · → En over a variety X such that Ei ∈ Coh(X), 1 ≤
i ≤ n are given as torsion free coherent sheaves. In fact the holomorphic triples
defined in this article are special case of Schmitt’s oriented trees for n = 2. The au-
thor introduces the notion of Hilbert polynomial and stability condition for such
quiver representations, where in fact he shows that our notion of q-semistability
is a specialization of ϑ-semistability criterion for special quiver representations
given as holomorphic triples [S00, Example 1.3]. The author then proves that the
set of isomorphism class of ϑ-semistable representations (q-semistable holomor-
phic triples for us) with a fixed Hilbert polynomial is bounded [S00, Theorem
4.1], which implies that for quivers of fixed type, the set of isomorphism classes
of ϑ-semistable representations satisfies a Castelnuvo-Mumford type m-regularity
condition. The author then provides a construction of the parameter scheme of ϑ-
semistable representations and proves that a projective moduli scheme associated
to this parameter scheme exists as a good quotient [S00, Theorem 4.6 and Theorem
4.7]. We denote this projective moduli scheme by M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) and assume
that it comes with a universal triple, denoted by (E1, E2,Φ) [S00, Proposition 4.5].
Remark 3.3. (Boundedness) By construction of Schmitt [S00] the ϑ-semistable rep-
resentations do satisfy the property that the set of isomoprhism classes of torsion-free co-
herent sheaves with fixed Hilbert polynomials sitting at each vertex of the quiver repre-
sentation is bounded [S00, Theorem 4.1]. Similarly for us, and by our construction, the
q-semistable triples enjoy this property.
4. More on Stability
We will now relate q-stability of holomorphic torsion-free triples to notions of
Higgs stability of certain induced Higgs pairs on S. In order to do this, we need
to introduce further notions of stability conditions and relations among them. We
learned the approach in this section, which implements change of parameter of
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stability condition, from interesting discussions by Bradlow and Prada in [BP96,
Section 3] 2 .
Definition 4.1. (q′-stability). Given a polynomial q′ of degree at most 2, let T′ :=
(E′1, E
′
2, φ
′) be a nontrivial holomorphic subtriple of T := (E1, E2, φ). Define a function
(5) Θq′(T
′) =
(PE′1 + PE′2
r′1 + r
′
2
− q′
)
−
r′1
r′1 + r
′
2
.
r1 + r2
r1
(
PE1 + PE2
r1 + r2
− q′
)
where ri = rk(Ei), r
′
i = rk(E
′
i ), i = 1, 2. The triple T := (E1, E2, φ) is called q
′-stable
(resp. semistable) if
Θq′(T
′) < 0(≤ 0)
for all nontrivial subtriples T′ := (E′1, E
′
2, φ
′).
Proposition 4.2. Consider 2.6 and 4.1 and change of variable
q′ =
PE2 + q
r2
,
then any triple T := (E1, E2, φ) is q
′-stable if and only if it is q-stable.
Proof. Assume that T := (E1, E2, φ) is q
′-stable. Then by substitution of the
value of q′ in the statement of the lemma, we have that for all nontrivial subtriples
T′ := (E′1, E
′
2, φ
′)(
PE′1
+ PE′2
r′1 + r
′
2
−
PE2 + q
r2
)
−
r′1
r′1 + r
′
2
.
r1 + r2
r1
(
PE1 + PE2
r1 + r2
−
PE2 + q
r2
)
< 0
which after multiplying by r1r2(r
′
1 + r
′
2) > 0 implies that
r1r2PE′1
+ r1r2PE′2 − r2PE1(r
′
1 + r
′
2) + r2q(r
′
1 + r
′
2)− r1r
′
2(PE2 + PE2)
+ r′2(r1 + r2)PE1 − r
′
2(r1 + r2)q < 0.
The latter inequality, after simplification, implies
r2
(
r1 · PE′1
− r′1PE1 + r
′
1q(m)
)
+ r1
(
r2 · PE′2 − r
′
2PE2 − r
′
2q(m)
)
< 0,
which is the criteria for q-stability. q.e.d.
2They work with slope of bundles on X × P1 where X is a Riemann surface, we work with
Hilbert polynomial of coherent sheaves on complex surface S, however all the ideas in here are
theirs.
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Definition 4.3. (σ-stabillity) With σ a polynomial define the σ-polynomial and σ-slope
of a given triple T := (E1, E2, φ) respectively by
Pσ(T) := PE1 + PE2 + r1σ
and
µσ(T) :=
Pσ
r1 + r2
.
The triple T = (E1, E2, φ) is σ-stable if for all nontrivial subtriples T
′ := (E′1, E
′
2, φ
′) we
have
µσ(T
′) < µσ(T).
Proposition 4.4. Consider definitions 4.1 and 4.3 and fix σ and q′ such that
(6) σ =
r1 + r2
r1
(q′ −
PE1 + PE2
r1 + r2
).
Then any triple T = (E1, E2, φ) is q
′-stable if an only if it is σ-stable.
Proof. Assume that the triple T is σ-stable, then for any nontrivial subtriple T′
we have
µσ(T
′) :=
PE′1
+ PE′2 + r
′
1σ
r′1 + r
′
2
< µσ(T) :=
PE1 + PE2 + r1σ
r1 + r2
which after substitution for σ induces the inequality
PE′1
+ PE′2
r′1 + r
′
2
+
r′1
r′1 + r
′
2
.
r1 + r2
r1
q′ −
r′1(r1 + r2)
r1(r
′
1 + r
′
2)
.
PE1 + PE2
r1 + r2
< q′.
which after re-writing implies(
PE′1
+ PE′2
r′1 + r
′
2
− q′
)
−
r′1
r′1 + r
′
2
.
r1 + r2
r1
(
PE1 + PE2
r1 + r2
− q′
)
< 0.
q.e.d.
Propositions 4.2 and 4.4 imply the following corollary
Corollary 4.5. There exists a set of suitable polynomials q, σ (which relate to each other
by Proposition 4.4 and Proposition 4.2) such that any triple T := (E1, E2, φ) is q-stable if
and only if it is σ-stable. q.e.d.
Lemma 4.6. Suppose that φ = 0. The holomorphic triple (E1, E2, 0) is q
′-semistable if
and only if q′ =
PE2
r2
and E1, E2 are semistable sheaves. Such triple can not be q
′-stable.
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Proof. Since the map φ = 0, the holomorphic subtriples of (E1, E2, 0) are all of
the form (E′1, E
′
2, 0) where E
′
i ⊂ Ei, i = 1, 2 are proper holomorphic subsheaves.
Now applying the criteria of q′ in Definition 4.1 to a subtriple (0, 0, E′2) we obtain
that
q′ >
PE′2
r′2
.
On the other hand, applying the q′-stability criteria to a subtriple of the form
(E1, E
′
2, 0) implies that
q′ ≤
PE2 − PE′2
r2 − r′2
=
PE2/E′2
rE2/E′2
.
Hence, combining the above two inequalities we obtain that
PE′2
r′2
< q′ ≤
PE2/E′2
rE2/E′2
,
which is possible if and only if E2 is semistable. Now applying the same procedure
to subtriples of the form (E′1, 0, 0) and (E
′
1, E2, 0), respectively, implies that E1 is
semistable. Moreover note that, the obtained inequalities can not be made strict
without reaching a contradiction. Hence the triple is stable for this choice of q′ if
and only if φ 6= 0. q.e.d.
Corollary 4.7. The map φ can not be zero for a q′-stable triple.
Nowwe obtain some upper and lower bounds for allowable q′ and equivalently
σ.
Lemma 4.8. (Lower bound for σ). If (E1, E2, φ) is a σ-stable triple. Then
σ ≥
PE1
r1
−
PE2
r2
.
Proof. The lower bound for σ can be obtained by applying σ-stability to sub-
triples (0, E2, φ). We obtain that
PE2
r2
≤
PE1 + PE2 + r1σ
r1 + r2
,
which implies the inequality in the statement of the lemma. In particular if E1 and
E2 have same reduced Hilbert polynomials, then the lower bound for σ is 0. q.e.d.
Lemma 4.9. (Upper bound for σ). Let (E1, E2, φ) be a σ-stable triple. Then
σ <
PE1(r1 − 2r2) + PE1(2r1 + r2)
r1
.
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Proof. The proof is essentially given by adapting an approach similar to [BP96,
Proposition 3.14] to our situation. We work with q′-stability in (5), and later
change to σ-stability, using Proposition 4.4, to prove the claim. Let us denote
K := Ker(Φ), I := Im(φ) and consider the proper subtriples T′1 := (K, 0, φ) and
T′2 := (E1, I, φ). Using Proposition 4.4, since (E1, E2, φ) is q
′-stable, then we get the
two inequalities
(7) θq′(T
′
1) =
(
PK
rK
− q′
)
−
r1 + r2
r1
(
PE1 + PE2
r1 + r2
− q′
)
< 0
(8) θq′(T
′
2) =
(
PE1 + PI
r1 + rI
− q′
)
−
r1
r1 + rI
·
r1 + r2
r1
(
PE1 + PE2
r1 + r2
− q′
)
< 0
which get simplified to
(9) rKPK − (PE1 + PE2)rK + rKr2q
′
< 0
(10) PI − PE2 + q
′(r2 − rI) < 0
Nowmultiplying (9) by r1, and adding to (10), multiplied by r1rK, and noting that
PK + PI = PE1 and rK + rI = r1, we obtain
q′ <
2PE2
2r2 − r1
,
which implies that. Now applying (6), and rewriting in terms of σ, we obtain the
proof of the inequality as claimed in the statement of lemma. q.e.d.
Corollary 4.10. Using Lemma 4.9 and Proposition 4.2 we obtain an upper bound for
q+≫ :
q+≫ <
r1PE2
2r2 − r1
.
Now let us relate the notion of σ-stability defined above, to a notion of Higgs
stability.
Lemma 4.11. Consider an L -twisted split Higgs pair
(
E1 ⊕ E2
) ψ:=( 0 0
φ 0
)
−−−−−−−−−→
(
E1 ⊕ E2
)
⊗L(11)
HIGHER RANK FLAG SHEAVES ON SURFACES 14
where L is a line bundle on S. Then there exists a suitable choice of polynomial q for
which the induced L -twisted torsion-free holomorphic triple E1
φ
−→ E2 ⊗L is q-stable
if and only if the split Higgs pair in (11) is Higgs-stable.
Proof. First we recall the notion of Higgs stability criteria. Given an “L -Higgs”
pair E
ψ
−→ E⊗L , consisting of a torsion-free sheaf E and a line bundle L on the
surface, the pair is said to be stable with respect to an ample line bundle OS(1) if
and only if,
P(E′(m))
rank(E′)
<
P(E(m))
rank(E)
for any proper subsheaf, E′ of E, which is invariant under the Higgs map ψ. Here
we are discussing a special case (the split case!) where E = E1 ⊕ E2. Firstly note
that a torsion-free sheaf E′1 ⊕ E
′
2 is a ψ-invariant subsheaf of E1 ⊕ E2 if and only if
T′ : E′1
φ′
−→ E′2 ⊗L is a subtriple of T : E1
φ
−→ E2 ⊗L .
Now assume that the L -Higgs pair in (11) is stable. Then for any ψ-invariant
subsheaf E′1 ⊕ E
′
2 the following inequality is satisfied
(12)
PE′1
+ PE′2
r′1 + r
′
2
<
PE1 + PE2
r1 + r2
On the other hand note that
µσ(T) =
PE1 + PE2⊗L + r1σ
r1 + r2
,
which is equal to
µσ(T) =
PE1 + PE2
r1 + r2
+
r1σ
r1 + r2
+
P′E2,L
r1 + r2
,(13)
where P′E2,L := PE2⊗L − PE2 = r2
(
m(H · c1(L )) +
c1(L )
2
2
)
. Now let
(14) σ = m(H · c1(L )) +
c1(L )
2
2
.
We denote this choice by σcrit and observe that
(15) µσcrit(T) =
PE1 + PE2
r1 + r2
+ QL ,
where QL is the right hand side of (14). Note that σcrit is still given by a polyno-
mial of degree with positive leading coefficient on S. Now consider any subtriple
T′ ⊂ T. We can immediately see that with the choice of σcrit and inequality (15)
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µσcrit(T
′) < µσcrit(T) if and only if inequality (12) is satisfied. Now using Proposi-
tion 4.4 we can immediately see the choice for σcrit implies
q′crit =
PE1 + PE2 + r1QL
r1 + r2
,
for which Proposition 4.2 implies then
(16) qcrit =
r2 · PE1 − r1 · PE2
r1 + r2
+
r1r2
r1 + r2
QL ,
Hence for q given as in (16), the L -twisted Higgs pair (E1 ⊕ E2,ψ) is Higgs stable
if and only if the L -twisted triple (E1, E2⊗L , φ) is qcrit-stable. q.e.d.
Remark 4.12. Lemma 11 is suggesting that changing the parameter of stability condi-
tion from, q+≫ to qcrit, one can relate the moduli space of trosion-free q+≫-stable triples
to the moduli space of Higgs-stable pairs as in Lemma 11 by applying “wallcrossing in
the master space, developed by Motcizuki in [M09]”. We will elaborate on this proce-
dure in the sequel to this article [SY20] and here only discuss invariants of stable triples
separately, first for qcrit-stability and then for q+≫-stability.
5. qcrit-stable triples and Vafa-Witten invariants
Start with (S, h) given as a pair of a nonsingular projective surface Swith H1(OS) =
0, and h := c1(OS(1)), and let
v := (r,γ,m) ∈ Hev(S,Q) = H0(S)⊕ H2(S)⊕ H4(S),
with r ≥ 1.
Let L be a line bundle on S such that
(17) H0(L ⊗ ω−1S ) 6= 0,
and let
X := L
q
−→ S
be the total space of L on S. Note that X is non-compact with canonical bundle
ωX ∼= q
∗(L −1 ⊗ ωS). In particular X is a Calabi-Yau 3-fold if L = ωS. Let
z : S → X be the zero section inclusion.
Notation. For simplicity, we use the symbols z and q to indicate respectively the in-
clusion z × id : S× B → X × B and the projection q× id : X × B → S × B for any
scheme B.
HIGHER RANK FLAG SHEAVES ON SURFACES 16
The one dimensional complex torus C∗ acts on X by the multiplication on the
fibers of q, so that
(18) q∗ OX =
∞⊕
i=0
L
−i ⊗ t−i,
where t denotes the trivial line bundle on S with the C∗-action of weight 1 on the
fibers. Let Cohc(X) ⊂ Coh(X) be the abelian category of coherent sheaves on X
whose supports are compact. Given any such OX-module E , via the map q∗, one
obtaines a q∗ OX-module E on S together with a co-action of L which defines the
L -Higgs pair on S, E
φ
−→ E⊗L . Moreover, given any L -Higgs pair (E, φ), there
is a co-action of q∗ OX on E which can be obtained by considering the co-actions
of L i, i > 0 on E, that is
E → E⊗L → E⊗L 2 → · · · .
and summing over i, produces the q∗ OX module we denote by q∗ E . The reason
for the latter notation is that, it is known by result of Serre that the push forward
map q∗ induces an equivalence of categories between OX modules E and q∗ OX
modules q∗ E . Hence this implies an equivalence of categories between abelian
category of L -Higgs pairs, E
φ
−→ E⊗L on S, where E = q∗ E , and the category of
torsion (compactly supported) modules E obtained via Serre’s equivalence. Now
we define a stability condition for compactly supportedOX-modules, E . The slope
function µh on Cohc(X) \ {0}
µh(E ) =
c1(q∗ E ) · h
Rank(q∗ E )
∈ Q ∪ {∞}
determines a slope stability condition on Cohc(X)3 . We state the following lemma
without proof.
Lemma 5.1. Under the equivalence of categories Cohc(X) ∼= HiggsL (S), µh-stability
of E ∈ Cohc(X) is equivalent to Higgs-stability of (q∗ E , φ).
Proof. This is proved by Tanaka-Thomas [TT1, Lemma 2.9]. q.e.d.
5.1. Moduli space of compactly supported sheaves on X. Let M Lh (v) be the
moduli space of µh-stable sheaves E ∈ Cohc(X) with ch(q∗ E ) = v, where
v := (r,γ,m) ∈ Hev(S,Q) = H0(S)⊕ H2(S)⊕ H4(S),
with r ≥ 1. For simplicity, we also assume M Lh (v) admits a universal family, de-
noted by E. This is the case if for example gcd(r,γ · h) = 1 (see [HL10, Corollary
3If Rank(q∗ E ) = 0, then µh(E ) = ∞.
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4.6.7]).We denote by p the projection from X ×M Lh (v) to M
L
h (v). By the con-
dition (17) and [T98, HT10], one obtains a natural perfect (threefold) obstruction
theory on M Lh (v) given by the complex
4
E• :=
(
τ[1,2]RH omp(E,E)[1]
)∨
.
In fact Serre duality and Hirzerbruch-Riemann-Roch hold for the compactly sup-
ported coherent sheaves, even though X is not compact. Therefore, using the latter
we can calculate the rank of E•:
(19) Rank(E•) =
{
0 L = ωS,
r2c1(L ) · (c1(L )−ωS)/2+ 1 L 6= ωS.
By the localization technique developed by Graber-Pandharipande [GP99], we
obtain the C∗-fixed perfect obstruction theory
E•,fix =
(
τ[1,2]
(
RH omp(E,E)[1]
)∨)C∗
(20)
over the fixed locus M Lh (v)
C∗ . Since the C∗-fixed set of X (i.e. S) is projective, we
conclude that M Lh (v)
C∗ is projective, therefore E•,fix gives the virtual fundamen-
tal class [M Lh (v)
C∗ ]vir. Define
(21) ̂DTLh (v; α) =
∫
[M Lh (v)
C∗ ]vir
α
e((E•,mov)∨)
α ∈ H∗C∗(M
L
h (v),Q)s,
where E•,mov is the C∗-moving part of E•, and e(−) indicates the equivariant Euler
class.
Remark 5.2. Note that (E•,mov)∨ is the virtual normal bundle of M Lh (v)
C∗ . If
M Lh (v) is compact then
̂DTLh (v; α) will be equal to
∫
[M Lh (v)]
vir α via the virtual localiza-
tion formula [GP99]. This is the case when c1(L ) · h < 0, as then one can see that all the
stable sheaves must be supported scheme theoretically on the zero section of q : X → S.
Note that if c1(L ) · h ≥ 0, then
∫
[M Lh (v)]
vir α is not defined in general.
Nowwhen pg(S) > 0, the fixed part of the obstruction theory E• contains a triv-
ial factor which causes the invariantŝDTLh (v) to vanish; we need then to reduce
the obstruction theory E• by a procedure elaborated in [GSY17b] in full detail.
However, to keep the self-containment of this article we briefly go over that con-
struction here, and review some of the important facts about it.
4E• is symmetric [B09] if L = ωS.
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Define C• to be obtained by applying Rp∗ to the cone of the composition
q∗ RH omX×M Lh (v)
(E,E)
q∗−→ RH omS×M Lh (v)
(q∗ E, q∗ E)
tr
−→ OS×M Lh (v)
,
Note that q is an affine morphism and hence Ri q∗ = 0 for i > 0, and the first map
q∗ in the sequence above is the natural map [H66, Proposition II.5.5]. Then, we
define the reduced deformation-obstruction complex
(22) E•red :=
(
τ≤1(C•)
)∨
.
Lemma 5.3. τ≤1(C•) is of perfect amplitude contained in [0, 1]. Moreover,
h0(τ≤1(C•)) ∼= E xt1p(E,E),
and h1(τ≤1(C•)) fits into the short exact sequence
0→ h1(τ≤1(C•)) → E xt2p(E,E) → O
pg
M Lh (v)
→ 0.
Proof. This is proved in [GSY17b, Lemma 2.4]. q.e.d.
The following theorem states that E•red induces a perfect deformation obstruction
theory over M Lh (v).
Theorem 5.4. ([GSY17b, Theorem 2.5])
(
E•red
)∨
= τ≤1(C•) is the virtual tangent
bundle of a perfect obstruction theory over M Lh (v).
Proof. In [GSY17b, Theorem 2.5] the authors provided two separate proofs for
this claim, one using the Li-Tian approach [LT98] and the other using the Behrend-
Fantechi [BF97] approach. Here we review only the Behrend-Fantechi approach
for completeness. By Lemma 5.3 we know that E•red is of perfect amplitude con-
tained in [−1, 0]. It suffices to show that there exists a map θ : E•red → L
•
M Lh (v)
in derived category that defines an obstruction theory, that is h0(θ) is an isomor-
phism and and h−1(θ) is an epimorphism. As usual it suffices to work with the
truncation τ≥−1 of the cotangent complex and this is what we mean by L• in this
proof. Again we use the fact that the composition
OS×M Lh (v)
id
−→ q∗ RH omX×M Lh (v)
(E,E)
q∗−→ RH omS×M Lh (v)
(q∗ E, q∗ E)
tr
−→ OS×M Lh (v)
is r · id. This implies that the composition tr ◦ q∗ splits and hence, after applying
Rp∗, we get the isomorphism
(23)
RH omp(E,E) ∼= C
•[−1]⊕ Rp∗OS×M Lh (v)
∼= C•[−1]⊕OM Lh (v)
⊕O
pg
M Lh (v)
[−2].
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Applying truncation functors to both sides of this splitting it is easy to see that
(24) τ[1,2](RH omp(E,E)) ∼= τ
≤1(C•)[−1]⊕O
pg
M Lh (v)
[−2].
Now there is a map α :
(
τ[1,2](RH omp(E,E))
)∨
[1] → L•
M Lh (v)
constructed in
[HT10, (4.10)] by means of the truncated Atiyah class
A(E) ∈ Ext1
M Lh (v)×X
(E,E
L
⊗L•
M Lh (v)×X
)
and an application of the truncation functor τ[1,2]. This together with the splitting
(24) gives a map
θ : E•red =
(
τ≤1(C•)
)∨
→ L•
M Lh (v)
.
It remains to show that θ is an obstruction theory. For this we use the criterion in
[BF97, Theorem 4.5] and the fact that it is already proven that α is an obstruction
theory in the last part of [HT10, Section 4.4].
The question of being an obstruction theory is local in nature, so let B0 ⊂ B
be a closed immersion of affine schemes over C with the ideal sheaf I such that
I2 = 0, and let G0 be a sheaf on B0 × X flat over B0 corresponding to a morphism
f : B0 → M
L
h (v). Let p : X × B0 → B0 and p : S × B0 → B0 be the obvious
projections. We have the chain of morphisms
f ∗E•red
f ∗θ
−−→ f ∗L•
M Lh (v)
→ L•B0 .
The pullback of the Kodaira-Spencer class κ(B0/B) ∈ Ext
1(L•B0 , I) via the second
arrow gives the obstruction class̟( f ) ∈ Ext1( f ∗L•
M Lh (v)
, I) for extending themap
f to B. Pulling back further via the first arrow we get θ∗̟( f ) ∈ Ext1( f ∗E•red, I).
By [BF97, Theorem 4.5] we have to show that θ∗̟( f ) = 0 if and only if f can be
extended to B, and in this case the extensions form a torsor over Hom( f ∗E•red, I).
Similarly pulling back ̟( f ) via f ∗α we get
α∗̟( f ) ∈Ext1
(
f ∗
(
τ[1,2](RH omp(E,E))
)∨
[1], I
) ∼=
H2
(
τ[1,2](RH omp( f
∗E, f ∗E⊗ p∗ I))
)
∼=
Ext2(G0,G0 ⊗ p
∗ I),
where H2 denotes the hypercohomology and the isomorphisms are established
in [HT10, Section 4.4] using the collapse of the Leray spectral sequence (and here
is where B0 affine is needed!). Taking the hypercohomology from both sides of
(24) and using the identifications above, we see that θ∗̟( f ) is the (tr ◦ q∗)-free
part of α∗̟( f ) (i.e. the part corresponding to the first summand in decomposition
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(24)). But by Lemma 5.5 below α∗̟( f ) is the same as its own (tr ◦ q∗)-free part,
therefore θ∗̟( f ) = α∗̟( f ).
Lemma 5.5. q∗(α
∗̟( f )) ∈ Ext2(q∗ G0, q∗ G0 ⊗ p
∗ I)0.
Proof. Define
XB0 := X × B0, XB := X× B, SB0 := S× B0, SB := S× B.
Let iX : XB0 →֒ XB0 × XB0 and iS : SB0 →֒ SB0 × SB0 be the diagonal embeddings,
and jX : XB0 × XB0 →֒ XB0 × XB and jS : SB0 × SB0 →֒ SB0 × SB be the natural
inclusions. Then define
HX := Lj
∗
X jX∗O∆XB0
, HS := Lj
∗
S jS∗O∆SB0
.
Using the cartesian diagram
XB0 × XB0
q˜


 jX
// XB0 × XB
q˜

SB0 × SB0

 jS
// SB0 × SB,
where q˜ := (q, q), the fact O∆X0
= q˜∗O∆S0
, and flatness of q and hence q˜, we get
(25) HX = q˜
∗HS.
Huybrechts and Thomas define the universal obstruction class ([HT10, Definition
2.8])
̟X := ̟(XB/XB0) ∈ Ext
2
XB0×XB0
(O∆XB0
, iX∗(p
∗ I))
as given by the extension class of the exact triangle
iX∗(p
∗ I)[1] ∼= h−1(HX)[1] → τ
≥−1(HX)→ h
0(HX) ∼= O∆XB0
,
in which the first isomorphism is established in [HT10, Lemma 2.2] and the second
isomorphism is given by the adjunction. The universal obstruction class
̟S := ̟(SB/SB0) ∈ Ext
2
SB0×SB0
(O∆SB0
, iS∗(p
∗ I))
is defined similarly by using HS instead of HX. By (25) we have
(26) ̟X = q˜
∗̟S.
Thinking of̟X and̟S as Fourier-Mukai kernels, and tensoring them respectively
with pullbacks of G0 and q∗ G0, by [HT10, Thm 2.9, Cor 3.4] we obtain the obstruc-
tion classes
̟X(G0) ∈ Ext
2
X(G0,G0⊗ p
∗ I), ̟S(q∗ G0) ∈ Ext
2
S(q∗ G0, q∗ G0 ⊗ p
∗ I).
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for deforming these sheaves. By (26) and the commutative diagram
XB0
q

XB0 × XB0
pr1
oo
q˜

pr2
// XB0
q

SB0 SB0 × SB0
pr1
oo
pr2
// SB0 ,
where pr1, pr2 are obvious projections to the 1st and 2nd factors, an application
of projection formula gives (here for simplicity pri∗ denotes the derived pushfor-
ward)
q∗ ̟X(G0) = q∗ pr2∗(pr
∗
1 G0 ⊗̟X)(27)
= q∗ pr2∗(pr
∗
1 G0 ⊗ q˜
∗̟S) = pr2∗ q˜∗(pr
∗
1 G0⊗ q˜
∗̟S)
= pr2∗(q˜∗ pr
∗
1 G0 ⊗̟S) = pr2∗(pr
∗
1 q∗ G0⊗ ̟S) = ̟S(q∗ G0).
But ̟X(G0) = α
∗̟( f ) by [HT10, Cor 3.4] and [BF97, Thm 4.5] as we already
know that α is an obstruction theory. So by (27) we get
(28) q∗(α
∗̟( f )) = ̟S(q∗ G0).
By [T98, Theorem 3.23], the obstruction for deforming the line bundle det(q∗G0)
is given by the trace of the obstruction class:
(29) tr(̟S(q∗ G0)).
However, there are no obstructions for deforming line bundles, and therefore (29)
vanishes, or equivalently
̟S(q∗ G0) ∈ Ext
2
S(q∗ G0, q∗ G0 ⊗ p
∗ I)0.
Now lemma follows from (28).
q.e.d.
Now back to proof of Theorem 5.4: since α is an obstruction theory, by [BF97,
Theorem 4.5], θ∗̟( f ) = α∗̟( f ) = 0 if and only if f can be extended to B, and in
this case the extensions form a torsor over
Hom( f ∗
(
τ[1,2](RH omp(E,E))
)∨
[1], I) ∼= Hom( f ∗E•red, I),
where the isomorphism is again by applying hypercohomology to (24). q.e.d.
Now by applying Theorem 5.4 to (22), and using [GP99], we obtain the C∗-fixed
perfect reduced obstruction theory
E•,fixred → L
•
M Lh (v)
C∗ .
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over the fixed locus M Lh (v)
C∗ . Here, by construction
Rank(E•red) = Rank(E
•) + pg(S).
In particular, when pg(S) = 0, we have E
• = E•red. Moreover, the reduction that
takes E• to E•red only affects the fixed parts of the virtual tangent bundles i.e.
E•,mov = E•,movred .
We now state some of earlier results about our reduced threefold obstruction
theory without proof.
Corollary 5.6. E•,fixred gives a perfect obstruction theory over M
L
h (v)
C∗ , and hence a
virtual fundamental class
[M Lh (v)
C∗ ]virred ∈ A∗(M
L
h (v)
C∗).
q.e.d.
In the rest of the paper, we will study the invariants defined below:
Definition 5.7. ([GSY17b, Definition 2.10]) We can define the DT invariants
DTLh (v; α) :=
∫
[M Lh (v)
C∗ ]virred
α
e((E•,mov)∨)
∈ Q[s, s−1] α ∈ H∗C∗(M
L
h (v),Q)s,
Here e(−) denotes the equivariant Euler class, s is the equivariant parameter, and c(−)
denotes the total Chern class. Note that E•,mov = E•,movred .
Remark 5.8. The invariantDTLh (v; α) is the reduced version of the invariant
̂DTLh (v; α)
given in (21). If α = 1 then it can be seen easily that
DTLh (v; 1) · s
Rank(E•red) ∈ Q,
whereRank(E•red) is given by (19) and (22). In particular, ifL = ωS, thenRank(E
•
red) =
pg(S).
6. C∗-fixed loci and identification with qcrit-stable triples on S
We continue this section by giving a description of the components ofM Lh (v)
C∗ .
Suppose that E is a closed point of M Lh (v)
C∗ . Since E is a pure C∗-equivariant
sheaf, up to tensoring with a power of t, we can assume that, for some partition
λ ⊢ r, with λ = (λ1, · · · , λℓ(λ)), we have
q∗ E =
ℓ(λ)−1⊕
i=0
E−i ⊗ t
−i,
HIGHER RANK FLAG SHEAVES ON SURFACES 23
where E−i is a rank λi+1 torsion free sheaf on S, and the OX-module structure on
E is given by a collection of nonzero maps of OS-modules (using (18)):
ψi : E−i → E−i−1⊗L , i = 0, . . . , ℓ(λ)− 1.
Let Ei := z∗E−i, for any i and let E
′
0 := E . Define E
′
i for i > 0 inductively by
(30) 0→ E ′i+1⊗ t
−1 → E ′i → Ei → 0.
Therefore, we get a filtration (forgetting the equivariant structures)
E
′
ℓ(λ)−1 ⊂ · · · ⊂ E
′
1 ⊂ E
′
0 = E ,
and the stability of E imposes the following conditions:
(31) µh(E
′
i ) < µh(E ) i = 1, . . . , ℓ(λ).
Note that for all j we have
q∗ E
′
j ⊗ t
−j =
ℓ(λ)−1⊕
i=j
E−i ⊗ t
−i,
and hence (31) imposes some restrictions on the ranks and degrees of E−i’s. This
construction also works well for the B-points of the moduli space M Lh (v)
C∗ for
any C-schemes B. As a result, one gets a decomposition of the C∗-fixed locus
M Lh (v)
C∗ into connected components
M
L
h (v)
C∗ =∐
λ⊢r
M
L
h (v)
C∗
λ ,
where in the level of the universal families
q∗
(
E|X×M Lh (v)
C∗
λ
)
=
ℓ(λ)−1⊕
i=0
E−i ⊗ t
−i,(32)
Ψi : E−i → E−i−1⊗L , i = 0, . . . , ℓ(λ)− 1,
E
′
ℓ(λ)−1 ⊂ · · · ⊂ E
′
1 ⊂ E
′
0 := E,
in which E−i is a flat family
5 of rank λi torsion free sheaves on S ×M
L
h (v)
C∗
λ ,
Ψi is a family of fiberwise nonzero maps over M
L
h (v)
C∗
λ , Ei := z∗E−i, and E
′
i for
i > 0 are inductively defined by
(33) 0→ E
′
i+1⊗ t
−1 → E
′
i → Ei → 0.
5Since q is an affine morphism, q∗ E is flat over M
L
h (v)
C∗
λ , and hence each weight space E−i is
flat over M Lh (v)
C∗
λ .
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In [GSY17a, GSY17b] the authors studied the two extreme cases λ = (r) and
λ = (1r). By construction, it is clear that the former case coincides set theoretically
with the moduli space Mh(v). Moreover, the authors also showed that the latter
case is related to the r-fold nested Hilbert schemes (parameterizing r-fold nesting
of twisted ideal sheaves of curves and points) on S. In fact when r = 2, these
cases are the only possibilities, and hence, in r = 2 case, the C∗-fixed virtual class
of M Lh (v) decomposes as
Proposition 6.1. ([GSY17b, Proposition 3.1]) Suppose that r = 2, then
[M Lh (v)
C∗ ]virred = [M
L
h (v)
C∗
(2) ]
vir
red + [M
L
h (v)
C∗
(12)]
vir
red
q.e.d.
Remark 6.2. Note that, when S is a Fano complete intersection or a K3 surface
M
L
h (v)
C∗
(12)
∼= ∅.
This is proven in [GSY17a, Corollary 3.16] and [TT1, Section 7.2].
6.1. Connections to Vafa-Witten theory. Let us assume now that L = ωS, the
canonical bundle of S. In [TT1] Tanaka-Thomas defined and computed Vafa-
Witten invariants by constructing a symmetric perfect obstruction theory over the
moduli space of Higgs-stable of trace-free Higgs pairs
M
s
Higgs : {φ : E → E⊗ωS | tr(φ) = 0}
on S.
Remark 6.3. The authors [TT1] in fact showed that:
1) M sHiggs
∼= M
ωS
h (v).
2) The C∗-action on M sHiggs is the same as C
∗-action on M ωSh (v).
3) Over the C∗-fixed locus of M sHiggs, tr(φ) = 0 automatically, and hence
(34) M s,C
∗
Higgs = M
ωS,C
∗
h (v).
On the other hand, as shown in [GSY17b, Section 2.1] the fixed part of symmetric ob-
struction theory in [TT1] is equivalent in K-theory to E•,fixred in Corollary 5.6 and the
moving parts differ (in K-theory) by a trivial bundle of rank pg(S). Hence in fact
[M s,C
∗
Higgs]
vir = [M ωS,C
∗
h (v)]
vir
and when α = 1 in Equation (21), the reduced DT invariants in Definition 5.7 coincide
with Vafa-Witten invariants studied and defined mathematically by Tanaka and Thomas
in [TT1], up to scaling by an equivariant parameter:
(35) DTωSh (v; 1) = s
−pg VWh(v).
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Now let us assume as in Proposition 6.1 that r = 2. Then by the isomorphism
(34) and Lemma 5.1 any E ∈ M ωS,C
∗
(12)
is realized by a C∗-fixed trace-free Higgs
stable pair (q∗E , φ) ∈ M
s,C∗
Higgs which then by Lemma 4.11 is equivalent to a qcrit-
stable triple E0 → E−1 ⊗ ωS, where Ei, i = 0, 1 are torsion-free coherent sheaves
of rank 1 on S such that q∗E = E0 ⊕ E−1 ⊗ t
−1. Hence by equality (35) the lat-
ter qcrit-stable triples (in cases where their moduli space is non-empty) contribute
nontrivially to Vafa-Witten invariants defined by Tanaka-Thomas. In fact the au-
thors in [GSY17b] showed that via C∗-virtual localization, such contributions of
qcrit-stable triples in M
ωS,C
∗
(12)
can be obtained as residue integrals against the vir-
tual classes of nested Hilbert scheme of non-pure one dimensional subschemes of
S, induced by a perfect deformaton-obstruction theory, constructed by the authors
in [GSY17a].
6.2. Higher rank case. Now, without loss of generality and to explain the main
result in this article, suppose that r > 2, then by the same analysis as above we
obtain a decomposition by partitions of r:
(36) M
ωS
h (v)
C∗ = M ωSh (v)
C∗
(r) ⊔M
ωS
h (v)
C∗
(1,r−1) ⊔ · · · ⊔M
ωS
h (v)
C∗
(1r),
In this case, the first summand is set theoretically identified with moduli space
of stable rank r torsion-free sheaves on S (these are known as instanton moduli
spaces in physics). Moreover, the “monopole branch” is the union of remaining
terms in (36) where the last summand enjoys nontrivial contributions induced
by nested Hilbert scheme (with length r nesting of ideal sheaves of curves and
points) on S as shown in [GSY17b], and the remaining middle summands are the
interesting objects of study for us in this article. Note that, similar to Remark 8.9,
the monopole branch vanishes when S is given as a Fano complete intersection or
a K3 surface. In [T18] Thomas considers the obstruction theory of moduli space
of semistable Higgs pairs (E, φ), where E = q∗E , for E a semistable compactly
supported sheaf on X : Tot(ωS → S). Thomas then considers the moduli space of
Joyce-Song pairs on X given by maps
s : O(−n) → E
where n ∈ N is sufficiently large so that Hi(E (n)) = 0 for all i > 0. The semista-
bility of E ensures that Joyce-Song pairs are always stable with no nontrivial au-
tomorphisms, their moduli space is quasi-projective with a compact C∗-fixed lo-
cus, and further he shows that the moduli space is equipped with a symmetric
perfect deformation-obstruction theory governed by Rhom(I• , I•)⊥ ([T18, Section
5]), where I• = {O(−n) → E }. The author then shows that over many connected
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components of the C∗-fixed loci of the monopole branch the obstruction sheaf in-
duced by symmetric perfect obstruction theory of pairs admits a nowhere vanish-
ing cosection in the sense of [KL13,MPT10], which implies that their contribution
to the Vafa-Witten invariants is zero. Here is the important theorem proved by the
author:
Theorem. [T18, Theorem 5.23] Consider the cosection ObP → OP on a connected
component P ⊂ (P⊥α,n)
T of the monopole branch.
At any closed point of the zero scheme Z(φ·) ⊂ P the maps φ : Ei → Ei+1 are both injec-
tive and generically surjective on S for each i = 0, · · · , r− 2. In particular if Z(φ·) 6= ∅
then rank(E0) = rank(E1) = · · · = rank(Er−1).
An important corollary of author’s theorem is the following corollary (as pointed
by the author, also observed by Laarakker [TL18] in his calculations in lower
ranks).
Corollary 6.4. [T18, Corollary 5.30] If the multi-rank is non-constant,
(rank(E0), rank(E1), · · · , rank(Er−1) 6= (a, a, · · · , a) ∀a ∈ N
then P does not contribute to the refined invariants.
Corollary 6.4 then implies that for stable compactly supported sheaves E , with
rank r over their support, when r is a prime number, the only nontrivial contri-
butions to the Vafa-Witten invariants are given by invariants of M
ωS
h (v)
C∗
(r)
and
M
ωS
h (v)
C∗
(1r)
components. As we discussed the invariants of M ωSh (v)
C∗
(1r )
can be
written in terms of residue integrals against virtual cycles of r-fold nested Hilbert
schemes, whose deformation-obstruction theory was constructed in full gener-
ality, for any r, by the authors in [GSY17a]. Hence an interesting application
of construction below to Vafa-Witten theory is to compute invariants of flags of
torsion-free coherent sheaves
E1
φ1
−→ E2
φ2
−→ · · ·
φn−1
−−→ En
where (rank(E0), rank(E1), · · · , rank(En) = (a, a, · · · , a) for a 6= 1. Based on
Corollary 6.4 the first important intance of such scenario is when r = 4. In this
case there is a decomposition of the fixed locus
(37)
M
ωS
h (v)
C∗ = M ωSh (v)
C∗
(4) ⊔M
ωS
h (v)
C∗
(1,3) ⊔M
ωS
h (v)
C∗
(1,1,2) ⊔M
ωS
h (v)
C∗
(2,2) ⊔M
ωS
h (v)
C∗
(14)
,
and by Corllary 6.4, other than first and the last summand, only the invariants of
(2, 2)-locus contribute nontrivially to the Vafa-Witten invariants. Despite the latter
fact, and in what follows below, under some assumptions, we aim at providing a
more generalized construction of perfect deformation-obstruction theory, not only
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for the component M ωSh (v)
C∗
(2,2)
, but also for the remaining middle components
M
ωS
h (v)
C∗
(1,3)
and M ωSh (v)
C∗
(1,1,2)
which do not contribute to Vafa-Witten theory. For
our construction we do not need an assumption on the line bundle L , however
these only relate to Vafa-Witten theory when L = ωS and the flag has constant
multi-rank. One main issue to construct an absolute perfect obstruction theory
over moduli space of higher rank flags is that given a partition of r, say when
λ 6= (1)r, (r), the C∗-fixed points in M ωSh (v)
C∗
λ are given by flags of torsion-free
coherent sheaves (with non-constant multi-rank) on S
E1
φ1
−→ E2
φ2
−→ · · ·
φn−1
−−→ En
where φi, i = 1, · · · , n are nonzero maps but not necessarily injective,
6 and as we
will see in Theorem 7.3 this causes an issue to obtain a well-defined virtual cycle
for such flag moduli spaces: as lack of injectivity causes nonvanishing cohomol-
ogy sheaves induced by deformation-obstruction complex of flag moduli space
which prevent it from being perfect of amplitude [−1, 0]. On the other hand, as
we elaborated in Lemma 2.7 given a triple (E1, E2, φ) the morphism φ is injective
if and only if (E1, E2, φ) is q+≫-stable, while qcrit-stability will not induce such
constraint on the map φ. Therefore in what follows below, we consider the mod-
uli space of flags obtained by gluing the moduli spaces of q+≫-stable triples and
construct a perfect obstruction theory for them. We then argue that, in order to
compute the contribution of loci in Corollary 6.4, one needs to perturb the param-
eter q and perform a wallcrossing in the master space, as developed by Mochizuki
in [M09] but modified for flagmoduli spaces, to relate the invariants of q+≫-stable
flags to the invariants of qcrit-stable flags. Note that by Lemma 4.11 the qcrit-stable
flags are the ones which are identified with Higgs-stable ωS-twisted Higgs pairs
considered by Tanaka-Thomas in [TT1, TT2] and Thomas in [T18], with nontrivial
contribution to Vafa-Witten invariants. We elaborate on this wallcrossing machin-
ery and computation of invariants in some manageable cases over both curves
and surfaces in the sequel to this article [SY20] and for now only define a well
behaved virtual moduli cycle theory for q+≫-stable triples.
7. Deformation-obstruction theory of q+≫-stable triples
Let us discuss a special case of length 2 flags first, i.e. the triples. Consider
the moduli space M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) corepresenting to the moduli functor in (36),
parametrizing q+≫-stable triples E1
φ
−→ E2 on surface S, with type (
−→v ∗1 ,
−→v ∗2). Let
6It is in fact easy to come up with examples showing this fact.
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us denote by
π′ : M (
−→v ∗1 ,
−→v ∗2)(S, q+≫)→ M
−→v ∗1 ,
the natural forgetful map, which sends a given holomorphic triple (E1, E2, φ) to E1.
Let us assume that −→v ∗1 := (r1, β1, n1) and
−→v ∗1 := (r2, β2, n2), with ri ≥ 1, i = 1, 2,
and β1, β2 effective curve classes.
Assumption 7.1. Let us assume for simplicity that −→v ∗1 is given such that the moduli
space M
−→v ∗1 is smooth. This is possible for instance when E1 is given as an ideal sheaf of
zero-dimensional subschemes of fixed length in S, or when E1 is given as a torsion-free
higher rank stable sheaf with gcd(rk(E1), deg(E1)) = 1, and KS ≤ 0.
In this section we first prove that there exists a perfect relative deformation-
obstruction theory for themapπ′ and later, show that an absolute perfect deformation-
obstruction theory forM (
−→v ∗1 ,
−→v ∗2)(S, q+≫) can be induced from this relative theory.
Notation. In what follows, we will denote the universal triple overM (
−→v ∗1 ,
−→v ∗2)(S, q+≫)
by Φ := E1 → E2. Let π : S×M
(−→v ∗1 ,
−→v ∗2)(S, q+≫) → M
(−→v ∗1 ,
−→v ∗2)(S, q+≫) be the pro-
jection. The morphism π is a smooth morphism of relative dimension 2 and hence by
Grothendieck-Verdier duality π!(−) := π∗(−) ⊗ ωπ[2] is a right adjoint of Rπ∗. This
fact will be exploited frequently below. We denote the derived functor Rπ∗RH om by
RH omπ and its i-th cohomology sheaf by E xt
i
π .
Applying the functors RH omπ (−, E2) and RH omπ (E1,−) to the universal
map Φ, we get the following morphisms in the derived category
RH omπ (E2, E2)
Ξ
−→ RH omπ (E1, E2)(38)
RH omπ (E1, E1)
Ξ′
−→ RH omπ (E1, E2) .
Let T be any scheme over the C-scheme U, and let
T
a



// T
a 
  
 
U
be a square zero extension over U with the ideal J. As J2 = 0, J can be considered
as an OT-module. Suppose we have the Cartesian diagram
(39) T
a

g
//M (
−→v ∗1 ,
−→v ∗2)(S, q+≫)
π′

U //M
−→v ∗1 .
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The bottom row of the (39) corresponds to the U-point EU of M
−→v ∗1 , and the top
row corresponds to the T-point (a T-family of triples)
(40) (φT : E1,T → E2,T)
of M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) in which E1,T = (id, a)
∗(E1,U). Let πT be the projection from
S× T → T. By [Ill, Prop. IV.3.2.12] and [JS12, Thm 12.8], there exists an element
ob := ob(φT, J) ∈ Ext
2
S×T (coker(φT),π
∗
T J ⊗ E2,T) ,
whose vanishing is necessary and sufficient to extend the T-point (40) to a T-point
(E1,T, E2,T, φT)
of M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) such that E1,T = (id, a)
∗(E1,U). In fact, pulling back along
the map (id, a) means that by [Ill, Prop. IV.3.2.12], ob is the obstruction for de-
forming the morphism φT while the deformation E1,T of E1,T is given. Suppose
that φT : E1,T → F is such a deformation, where F is a flat family of torsion free
sheaves with F |S×T = E2,T. If ob = 0 then by [Ill, Prop. IV.3.2.12], the set of
isomorphism classes of such deformations forms a torsor under the group
Ext1S×T (coker(φT),π
∗
T J ⊗ E2,T) .
Furthermore, by [JS12, Thm 12.9]), the element ob is the cup product of Illusie’s
reduced Atiyah class
(41) Atred(φT) ∈ Ext
1
S×T (coker(φT),π
∗
TL
•
a ⊗ E2,T) ,
which is a reduction of the Atiyah class AtOS×T/OS×U(φT) of φT [Ill, IV. 2.3.], that
only depends on the data (E2,T, φT) and the pullback of
(42) e(T) ∈ Ext1T(L
•
a , J)
associated to the square zero extension T →֒ T, twisted by E2,T. The following
Lemma states this result.
Lemma 7.2. The obstruction class ob satisfies the identity
ob = Atred(φT) ∪ (π
∗
Te(T)⊗ id)
where
π∗Te(T) ∈ Ext
1
S×T(π
∗
TL
•
a ⊗ E2,T,π
∗
T J ⊗ E2,T)
Proof. The proof follows exactly the same procedure in [JS12, Thm 12.9], and
depicted in their Diagram (12.17). The only slight change in the proof of [JS12,
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Thm 12.9], is that in the diagram (12.17) of [ibid], the first vertical arrow must be
replaced with
AtOS×T/OS×U(φT) : coker(φT) → k
1
(
L
•,gr
(OS×T⊕E1,T)/OS×U
⊗ (OS×T ⊕ E2,T)
)
[1].
Here the operator k1(−) takes the degree 1 graded piece of a graded object. By
flatness of E1,U over OU, we see that OS×U ⊕ E1,U is flat over OU and therefore
(OS×U ⊕ E1,U)
L
⊗OS×U OS×T
∼= (OS×U ⊕ E1,U)⊗OS×U OS×T
∼= OS×T ⊕ E1,T,
hence we can write (see [Ill, II.2.2])
L
•,gr
(OS×T⊕E1,T)/OS×U
∼=
(
L•
OS×T/OS×U
⊗ (OS×T ⊕ E1,T)
)
⊕
(
L
•,gr
(OS×U⊕E1,U)/OS×U
⊗ (OS×T ⊕ E1,T)
)
,
and hence as in the proof of [JS12, Thm 12.9], composing AtOS×T/OS×U(φT) with
the projection
L
•,gr
(OS×T⊕E1,T)/OS×U
→ L•
OS×T/OS×U
∼= π∗TL
•
a ,
we arrive at the definition of Atred(φT) in (41). q.e.d.
Theorem 7.3. The complex
F•rel := Cone(Ξ)
∨ ∼= RH omπ (coker(Φ), E2)
∨ [−1]
defines a relative perfect obstruction theory for the morphism π′ : M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) →
M
−→v ∗1 . In other words, F•rel is perfect with amplitude [−1, 0], and there exists a morphism
in the derived category α : F•rel → L
•
π′ , such that h
0(α) and h−1(α) are respectively
isomorphism and epimorphism.
Proof. Step 1: (perfectness) We show that the dual complex F•∨rel is perfect with
amplitude [0, 1]. By the base change and the same argument as in the proof of
[HT10, Lemma 4.2], it suffices to show that hi(Lt∗F•∨rel ) = 0 for i 6= 0, 1, where
t : p →֒ M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) is the inclusion of an arbitrary closed point p =
(E1, E2, φ) ∈ M
(−→v ∗1 ,
−→v ∗2)(S, q+≫). Note that by the definition of the universal fam-
ilies, Lt∗E1 = E1 and Lt
∗E2 = E2. Therefore, by the definition of F
•∨
rel we get the
exact sequence
· · · → ExtiS(E1, E2)→ h
i(Lt∗F•∨rel ) → Ext
i+1
S (E2, E2)→ . . . .
All the ExtiS for i 6= −1, 0, 1, 2 vanish, so we deduce that h
i(Lt∗F•∨rel ) = 0 for i 6=
−1, 0, 1, 2. From the sequence above we see that
h−1(Lt∗F•∨rel ) = ker
(
HomS(E2, E2) → HomS(E1, E2)
)
.
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We would like to claim that h−1(Lt∗F•∨rel )
∼= 0. Suppose that HomS(E2, E2) →
HomS(E1, E2) is not injective. Then there exists a nonzero map f : E2 → E2
such that the composition E1
φ
−→ E2
f
−→ E2 is zero. Now let us denote the image
and the kernel of the map f by Im( f ), ker( f ) respectively. Since ker( f ) ⊂ E2
through which the morphism φ factors, by q-stability, and using Definition 2.3,
the following strict inequality is satisfied
(43)
Pker( f )
rk(ker( f ))
+
q(m)
rk(ker( f ))
<
PE2
r2
+
q(m)
r2
.
On the other hand making the same argument for Im( f ) we obtain
(44)
PIm( f )
rk(Im( f ))
+
q(m)
rk(Im( f ))
<
PE2
r2
+
q(m)
r2
Now, substituting Pker( f ) = PE2 − PIm( f ) and rk(ker( f )) = r2 − rk(Im( f )) in to
(43) we obtain
PE2
r2
+
q(m)
r2
<
PIm( f )
rk(Im( f ))
,
which together with (44) provides us with
PIm( f )
rk(Im( f ))
+
q(m)
rk(Im( f ))
<
PE2
r2
+
q(m)
r2
<
PIm( f )
rk(Im( f ))
.
In particular we obtain
PIm( f )
rk(Im( f ))
+
q(m)
rk(Im( f ))
<
PIm( f )
rk(Im( f ))
.
which simplifies to
q(m)
rk(Im( f ))
< 0,
which is contradictory with the assumption on q(m) ≫ 0 for q+≫-stable triples,
hence the morphism HomS(E2, E2) → HomS(E1, E2) is injective which implies
h−1(Lt∗F•∨rel )
∼= 0.
To prove h2(Lt∗F•∨rel ) = 0, we show that the map
Ext2S(E2, E2) → Ext
2
S(E1, E2)
in the exact sequence above is surjective, or equivalently by Serre duality, the dual
map
HomS(E2, E1 ⊗ ωS) → HomS(E2, E2 ⊗ ωS)
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is injective. But by Lemma 2.7, this follows after applying the left exact functor
HomS(E2,−) to the injection E1 ⊗ωS → E2 ⊗ ωS that is induced by tensoring the
map φ above by ωS.
Step 2: (map to the cotangent complex)We construct a morphism in derived cate-
gory α : F•rel → L
•
π′ . Consider the reducedAtiyah class (41) for T = M
(−→v ∗1 ,
−→v ∗2)(S, q+≫)
and U = M
−→v ∗1 . It defines an element in
Ext1
S×M (
−→v ∗
1
,−→v ∗2 )(S,q+≫)
(coker(Φ),π∗L•π′ ⊗ E2)
∼=
Ext1
S×M (
−→v ∗
1
,−→v ∗2 )(S,q+≫)
(RH om (E2, coker(Φ)) ,π
∗L•π′)
∼=
Ext1
S×M (
−→v ∗1 ,
−→v ∗2 )(S,q+≫)
(
RH om (E2, coker(Φ)⊗ ωπ[2]) ,π
!L•π′
)
∼=
Ext1
M
(−→v ∗
1
,−→v ∗2 )(S,q+≫)
(RH omπ (E2, coker(Φ)⊗ ωπ[2]) ,L
•
π′)
∼=
Hom
M
(−→v ∗
1
,−→v ∗2 )(S,q+≫)
(RH omπ (E2, coker(Φ)⊗ ωπ[1]) ,L
•
π′) ,
where the second isomorphism is induced by the definition of π! and the third iso-
morphism is induced byGrothendieck-Verdier duality. So under the identification
above, the reduced Atiyah class defines a morphism in the derived category
α : RH omπ (E2, coker(Φ)⊗ ωπ[1]) → L
•
π′ .
But by Grothendieck-Verdier duality again,
RH omπ (E2, coker(Φ)⊗ ωπ[1]) ∼= RH omπ (coker(Φ), E2)
∨ [−1] ∼= F•rel,
and hence we are done.
Step 3: (obstruction theory) We show h0(α) and h−1(α) are respectively isomor-
phism and epimorphism. Suppose we are in the situation of the diagram (39).
Define
f := (id, g) : S× T → S×M (
−→v ∗1 ,
−→v ∗2)(S, q+≫).
Composing e(T) (given in (42)) and the natural morphism of cotangent complexes
Lg∗L•π′ → L
•
a gives the element ̟(g) ∈ Ext
1
T(Lg
∗L•π′ , J) whose image under α is
denoted by
α∗̟(g) ∈ Ext1T (Lg
∗F•rel, J) .
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For i = 0, 1, we will use the following identifications:
ExtiT (Lg
∗F•rel, J)
∼= ExtiT (Lg
∗RH omπ (E2, coker(Φ)⊗ωπ[1]) , J)
∼= Exti
M
(−→v ∗
1
,−→v ∗2 )(S,q+≫)
(RH omπ (E2, coker(Φ)⊗ωπ[1]) ,Rg∗ J)
∼= Exti
S×M
(−→v ∗
1
,−→v ∗2 )(S,q+≫)
(
RH om (E2, coker(Φ)⊗ ωπ[1]) ,π
!Rg∗ J
)
∼= Exti+1
S×M (
−→v ∗
1
,−→v ∗2 )(S,q+≫)
(RH om (E2, coker(Φ)) ,π
∗Rg∗ J) .
Here we have used the fact that Lg∗ ⊣ Rg∗ i.e. Lg∗ is the left adjoint of Rg∗, and
Grothendieck-Verdier duality. Now using R f∗π
∗
T = π
∗Rg∗ in the last Ext above,
we get
Exti+1
S×M (
−→v ∗1,
−→v ∗2 )(S,q+≫)
(RH om (E2, coker(Φ)) ,R f∗π
∗
T J)
∼= (by L f ∗ ⊣ R f∗)
Exti+1S×T (L f
∗RH om (E2, coker(Φ)) ,π
∗
T J)
∼=
Exti+1S×T (RH om (L f
∗
E2,L f
∗ coker(Φ)) ,π∗T J)
∼=
Exti+1S×T (L f
∗ coker(Φ),π∗T J ⊗ L f
∗
E2) ∼= (by flatness of coker(Φ) and E2)
Exti+1S×T (coker(φT),π
∗
T J ⊗ E2,T) .(45)
Similar to the Step 2 it can be seen that the composition
Lg∗F•rel
g∗α
−−→ Lg∗L•π′ → L
•
a
has a lift to the reduced Atiyah class Atred(φT) over S× T (see (41)). Therefore,
ob := Atred(φT) ∪ (π
∗
Te(T)⊗ id),
is isomorphic to the element α∗̟(g) via isomorphisms (45) for i = 1. Now this
implies that the α∗̟(g) vanishes if and only if there exists an extension g¯ of g.
Now if we follow isomorphisms in (45) for i = 0, we see that the set of such
extensions g¯ of g forms a torsor under Hom(Lg∗F•rel, J). Now by [BF97, Theorem
4.5] α is an obstruction theory.
q.e.d.
7.1. 2-term absolute obstruction theory. As it was discussed, the choice for the
Chern character vector −→v ∗1 is special here and it satisfies the conditions of As-
sumption 7.1. The first named author however is developing a modification of
the construction below, which allows for M
−→v ∗1 to be non-smooth, as long as it
is equipped with a perfect deformation-obstruction theory of amplitude [−1, 0].
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This generalization will be discussed in future in a separate sequel to the current
article.
Theorem 7.4. Consider the Assumption 7.1. Then the moduli spaceM (
−→v ∗1 ,
−→v ∗2)(S, q+≫)
is equipped with a perfect absolute obstruction theory
F• → L•
M
(−→v ∗
1
,−→v ∗2)(S,q+≫)
induced by taking an (absolute) cone over the perfect relative obstruction theory of Theo-
rem 7.3. The dual of F• is represented in the derived category by
F•∨ ∼= Cone
([
RH omπ (E1, E1)⊕ RH omπ (E2, E2)
]
0
[(Ξ′,Ξ)]
−−−−→ RH omπ (E1, E2)
)
,
(46)
where [−]0 means the trace-free part.
Proof. The procedure we will elaborate below is well known to the experts in
the field, and all ideas of the cone construction we are about to discuss, are copied
from insightful work of Maulik, Pandharipande and Thomas [MPT10, Section
3.5]. The less familiar part of the proof however is to show that the absolute
deformation-obstruction complex takes the form on the right hand side of (46).
Consider the morphism π′ in Diagram (39). The moduli space M
−→v ∗1 is smooth by
assumption, and hence
E•1 = L
•
M
−→v ∗
1
∼= Ω
M
−→v ∗
1
.
Then it is immediately implied that there exists a diagram
(47) π′∗E•1
//
=

F• := Cone(θ)[−1] //
ǫ

F•rel
α

θ:=c◦α
// π′∗E•1 [1]
=

π′∗Ω
M
−→v ∗1
// L•
M
(−→v ∗1 ,
−→v ∗2 )(S,q+≫)
// L•π′
c
// π′∗Ω
M
−→v ∗1
[1].
Now taking the long exact sequence of cohomologies of the upper and lower
horizontal rows of (47) we obtain
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0 //

h−1(F•) //
h−1(ǫ)

h−1(F•rel)
h−1(α)

// h−1(π′∗E•1 [1])
∼=

// .
0 // h−1(L•
M
(−→v ∗
1
,−→v ∗2 )(S,q+≫)
) // h−1(L•π′)
// h−1(π′∗Ω
M
−→v ∗
1
[1]) // .
. // h0(F•) //
h0(ǫ)

h0(F•rel)
//
∼=h0(α)

0

. // h0(L•
M
(−→v ∗1 ,
−→v ∗2 )(S,q+≫)
) // h0(L•π′)
// 0
(48)
Now by using the 4 lemma twice, once for the first 4 columns of (48) on the left
(the column of zeros on the left is considered as the first column) and the 4-lemma
for the columns 3,4,5,6 it can be seen that h−1(φ) is an epimorphism and h0(φ)
is an isomorphism. Hence, F• satisfies the cohomological conditions of being a
deformation obstruction theory. The perfectness of F• can also be deduced by
considering the long exact sequence of cohomologies in h−2 and h1 levels. Now
denote by R the right hand side of the expression in (46). We would like to show
that F•∨ takes the form R. By Theorem 7.3,
F•∨rel = Cone (RH omπ (E2, E2)→ RH omπ (E1, E2)) ,
so we need to show that the map
(49) F•rel
θ
−→ π′∗Ω
M
−→v ∗
1
[1]
is induced by a composite morphism
F•rel
∼= RH omπ (E2, coker(Φ)⊗ωπ) [1] → RH omπ (E1, coker(Φ)⊗ ωπ) [1]
→ RH omπ (E1, E1 ⊗ωπ)0 [2]
∼= π′∗Ω
M
−→v ∗1
[1],(50)
where the first and second morphisms are induced by applying
RH omπ (−, coker(Φ)⊗ ωπ) [1]
to the morphism Φ : E1 → E2, and coker(Φ) → E1[1] respectively. To prove this,
consider the diagram of graded sheaves of algebras on S×M (
−→v ∗1 ,
−→v ∗2)(S, q+≫)
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(51) O
S×M
−→v ∗1
// O
S×M
(−→v ∗1 ,
−→v ∗2 )
T (S,q)
⊕ E1
(id,Φ)
// O
S×M
(−→v ∗1 ,
−→v ∗2 ,)
T (S,q)
⊕ E2
OS
//
OO
O
S×M
(−→v ∗
1
,−→v ∗2 )(S,q+≫)
//
OO
O
S×M
(−→v ∗
1
,−→v ∗2)(S,q+≫)
⊕ E2,
OS
// O
S×M (
−→v ∗
1
,−→v ∗2 )(S,q+≫)
// O
S×M (
−→v ∗
1
,−→v ∗2)(S,q+≫)
⊕ E1,
OO
Here, for each vertex on the diagram with two summands, the first summand
is in degree zero, and the second summand is in degree 17 . Associated to top two
rows of the diagram above is the exact triangle of transitivity8 of the relative graded
cotangent complexes (see [Ill, IV.2.3]), which leads to definition of Atred(Φ)
(52) coker(Φ)
Atred(Φ)
// π∗L•π′ ⊗ E2[1]
E2
OO
// L•
M
(−→v ∗
1
,−→v ∗2 )(S,q+≫)
⊗ E2[1].
OO
Here, for simplicity, we have neglected the notation for pullbacks via natural mor-
phisms. The bottom row of diagram above is induced by the composite morphism
P∗E2E2 → P
∗
E2
L•
M
−→v ∗2
[1] → L•
M
(−→v ∗
1
,−→v ∗2 )(S,q+≫)
[1]
where the first morphism is induced by the pullback of the Atiyah class of E2
over M
−→v ∗2 and the second morphism is induced by the natural morphism PE2 :=
M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) → M
−→v ∗2 . Now taking the cone of the vertical arrows in Dia-
gram (52) we obtain a commutative square diagram
7Hence following the insightful idea of Illusie [Ill, IV.2.3] we lift the problem to an equivariant
setting, where the sheaves and their morphisms will be realized as graded modules over a C∗-
graded algebra and their corresponding graded morphisms.
8This terminology is introduced by Illusie.
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(53) E1[1] // π
′∗Ω
M
−→v ∗
1
⊗ E2[2]
coker(Φ)
OO
Atred(Φ)
// L•π′ ⊗ E2[1].
OO
where again, using the transitivity triangles of the bottom two rows of Diagram
(51), it can be seen that the top row of Diagram (53) is identified with the compos-
ite morphism
(54) E1
At(E1)
−−−→ π′∗Ω
M
−→v ∗1
⊗ E1[1]
id⊗Φ
−−−→ π′∗Ω
M
−→v ∗1
⊗ E2[1].
The claim about map θ given by (50) now follows from (54) and the construction
of the map α using the reduced Atiyah class Atred(Φ) in Step 2 of the Theorem 7.3.
Now using (50) and the cone construction in (47) we can conclude that F•∨ can be
rewritten as
F•∨ =Cone
(
RH omπ (E1, E1)0
θ∨
−→ Cone
(
RH omπ (E2, E2)→ RH omπ (E1, E2)
))
.
Consider the commutative diagram
RH omπ (E2, E2) // RH omπ (E1, E1)⊕RH omπ (E2, E2) // RH omπ (E1, E1)
Rπ∗O
S×M (
−→v ∗1 ,
−→v ∗2 )(S,q+≫)
[id id]t
OO
Rπ∗O
S×M (
−→v ∗1 ,
−→v ∗2 )(S,q+≫)
.
id
OO
In which both rows are exact triangles. Now dividing the first row by the second
row we obtain an exact triangle
(55)
RH omπ (E2, E2)→ [RH omπ (E1, E1)⊕RH omπ (E2, E2)]0 → RH omπ (E1, E1)0
On the other hand, there exists a commutative diagram
(56)
RH omπ (E2, E2)
// [RH omπ (E1, E1)⊕ RH omπ (E2,E2)]
[(−Ξ′,Ξ)]

// RH omπ (E1,E1)⊕ Rπ∗OS×M (
−→v ∗
1
,−→v ∗
2
)(S,q+≫)
[θ∨ 0]

RH omπ (E2, E2)
Ξ
// RH omπ (E1,E2)
// Cone (RH omπ (E2,E2) → RH omπ (E1,E2))
in which the two rows are the natural exact triangles. Notice that
RH omπ (E1, E1) ∼= RH omπ (E1, E1)0 ⊕ Rπ∗O
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and hence it can be seen that the vertical arrows in Diagram (56) factor through
exact triangle (55). Hence, taking the cone of the diagram one gets the exact tri-
angle that fits into the following commutative diagram in which all the rows and
columns are exact triangles:
RH omπ (E2, E2) // [RH omπ (E1, E1)⊕ RH omπ (E2,E2)]0
[(−Ξ′,Ξ)]

// RH omπ (E1,E1)0
[θ∨ 0]

RH omπ (E2, E2)
Ξ
// RH omπ (E1,E2)

// Cone (RH omπ (E2,E2)→ RH omπ (E1,E2))

R // F•∨.
Here, the columns and the top and middle rows are exact triangles with commu-
tative top squares, and the bottom row is induced from the rest of the diagram by
taking the cone. Therefore, the bottom row must also be an exact triangle which
means that R ∼= F•∨ as claimed. This finishes the proof of Theorem 7.4.
q.e.d.
Theorems 7.3 and 7.4 imply
Corollary 7.5. The perfect obstruction theory F• defines a virtual fundamental class
over M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) denoted by
[M (
−→v ∗1 ,
−→v ∗2)(S, q+≫)]
vir ∈ Ad(M
(−→v ∗1 ,
−→v ∗2)(S, q+≫)), d = rk(F
•).
Remark 7.6. In cases where pg(S) > 0, it might be true that the virtual cycle in
Corollary 7.5 vanishes due to existence of a surjective co-section for the obstruction bundle
induced by the absolute deformation-obstruction theory F•. In this case one can define
the reduced obstruction theory using co-section localization techniques [KL13]. We will
discuss an instant of this construction later in Section 8.1, and for now generalize our
construction to higher length flags.
8. Higher length flags
Now let us consider the more general case of torsion free higher length flags
E1 → E2 → · · · → Er,
where the first term in the flag satisfies the conditions of Assumption 7.1. First we
construct our moduli space out of gluing holomorphic triples Ei
φi
−→ Ei+1 which
are q+≫-stable.
Define M
(−→v ∗i ,
−→v ∗i+1)
T (S, q+≫) to be the projective moduli schemes of q+≫-stable
triples, constructed in Section 3with fixed numerical data (−→v ∗i ,
−→v ∗i+1), i = 1, · · · , r−
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1, such that −→v ∗1 satisfies the condition of Assumption 7.1. Fix an integer i =
2, · · · , r− 1, there exists a natural projection map πi, defined as follows
πi := M
(−→v ∗i−1,
−→v ∗i )
T (S, q)×M
(−→v ∗i ,
−→v ∗i+1)
T (S, q) → M
−→v ∗i ×M
−→v ∗i ,
sending
(
[Ei−1
φi−1
−−→ Ei], [E
′
i
φi
−→ E′i+1]
)
→ (Ei, E
′
i). Now consider the diagonal
embedding morphisms
∆i : M
−→v ∗i → M
−→v ∗i ×M
−→v ∗i , i = 2, · · · , r− 1.
The fibered product
M
(−→v ∗i−1,
−→v ∗i )
T (S, q)×∆i M
(−→v ∗i ,
−→v ∗i+1)
T (S, q)
parametrizes tuples
Ei−1 →֒ Ei →֒ Ei+1
where the injective morphisms are induced by q+≫-stability condition onM
(−→v ∗i−1,
−→v ∗i )
T (S, q+≫)
and M
(−→v ∗i ,
−→v ∗i+1)
T (S, q+≫) respectively. Now we can re-iterate this process and ob-
tain the moduli scheme parametrizing a nested flag of q+≫-stable torsion-free
triples of length r:
Definition 8.1. (Moduli scheme of holomorphic r-tuples) Given−→v ∗ := (−→v ∗1 , · · ·
−→v ∗r )
define the moduli scheme, M
(−→v ∗1 ,··· ,
−→v ∗r )
T (S, q+≫) of holomorphic r− tuples parameteriz-
ing
E1 →֒ E2 →֒ · · · →֒ Er
with Ch(Ei) :=
−→v ∗i as the r− 1-fold fibered product
M
(−→v ∗1 ,··· ,
−→v ∗r )
T (S, q+≫) :=
M
(−→v ∗1 ,
−→v ∗2)(S, q+≫)×∆1 M
(−→v ∗2 ,
−→v ∗3)
T (S, q+≫)× · · · ×∆r−1 M
(−→v ∗r−1,
−→v ∗r )
T (S, q+≫)
given by the diagram
(57) M
(−→v ∗1 ,··· ,
−→v ∗r )
T (S, q+≫)

// ∏
r−1
i=2 M
(−→v ∗i ,
−→v ∗i+1)
T (S, q+≫)
∏
r−1
i=2 πi

∏
r−1
i=2 ∆i := ∏
r−1
i=2 M
−→v ∗i 

// ∏
r−1
i=2 M
−→v ∗i ×M
−→v ∗i
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Remark 8.2. By Lemma 2.7 the q+≫-stability of Ei
φ
−→ Ei+1 implies that each φi is
given by an injective morphism for all i = 1, · · · , r− 1 and moreover, by our construction
and [S00, Remark 1.4], the q+≫-stability of tuples (Ei, Ei+1, φi) for all i, implies the q+≫-
stability of the r-tuple E1 → · · · → Er. The latter, following the construction of [S00],
implies that M
(−→v ∗1 ,··· ,
−→v ∗r )
T (S, q) is given as a projective scheme.
We will now discuss the iterative procedure for constructing the deformation
obstruction theory for higher length flags in Definition 8.1. Now for simplicity
and without loss of generality assume that in diagram (57) we have that r = 3.
Consider the chain of natural forgetful morphisms and the associated exact trian-
gle of cotangent complexes
(58)
M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)
T (S, q+≫)
f2
−→ M (
−→v ∗1 ,
−→v ∗2)(S, q+≫)
f1
−→ M
−→v ∗1 , L•f2 [−1]
j2
−→ L f ∗2 (L
•
f1
)
j1
−→ L•f
j3
−→ L•f2
where f := f1 ◦ f2.
Theorem 7.3, provides the relative perfect obstruction theory for the morphism
f1, that we denote by
(59) F•f1
α1−→ L•f1 .
Lemma 8.3. There exists a relative perfect obstruction theory F•f2
α2−→ L•f2 , where
(60) F•f2 = RH omπ (E3, coker(Φ2)⊗ ωS) [1]
Proof. The proof is similar to the proof of Theorem 7.3 (see Step 2 of that proof
for the corresponding expression in RHS of (60)). This time the obstruction theory
is associated to the universal map E1
Φ1−→ E2
Φ2−→ E3 while the data (E1, E2,Φ1) is
kept fixed. q.e.d.
Lemma 8.4. The obstruction theories F•f1 and F
•
f2
fit into the following commutative
diagram:
(61) F•f2 [−1]
α2[−1]

r
// L f ∗2 (F
•
f1
)
f ∗2 (α1)

L•f2
[−1]
j2
// L f ∗2 (L
•
f1
).
Proof. Step 1: (Defining the map r) The maps in diagram (61) except r are already
defined above (see (58), (59), and Lemma 8.3). Now by the universal properties of
the the moduli spaces of holomorphic r-tuples, we can write
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(62) L f ∗2 (F
•
f1
) = RH omπ (E2, coker(Φ1)⊗ ωS[1])
The chain of maps E1
Φ1−→ E2
Φ2−→ E3 induces an exact triangle
(63) coker(Φ2 ◦Φ1)
i3−→ coker(Φ2)
i2[1]
−−→ coker(Φ1)[1].
Applying RH omπ (−, coker(Φ2)⊗ωS) to Φ2 : E2 → E3, and composing with
i2[1] we obtain
F•f2 [−1] = RH omπ (E3, coker(Φ2)⊗ ωS) → RH omπ (E2, coker(Φ2)⊗ ωS)→
RH omπ (E2, coker(Φ1)⊗ ωS[1]) = L f
∗
2 (F
•
f1
).
(64)
The map r in diagram (61) is then defined by composition of two maps in (64).
This part of the proof is exactly the same as [GSY17a, Lemma 2.12]. There, the
proof works since one is working with nested ideal sheaves, and here we ob-
tain the desired outcome, since stability forces the morphisms Φi in each level to
be injective. We will reproduce (an adaptation to our case of the) proof used in
[GSY17a, Lemma 2.12].
Step 2: (Commutativity of diagram (61)) We start with the following diagram in
which the columns are the exact triangles (63) and (58):
(65) coker(Φ1)[1]
(id⊗Φ2)◦Atred(Φ1)[1]
// π∗L f ∗2
(
L•f1
)
[1]⊗ E3[1]
coker(Φ2)
At(Φ2)
//
i2[1]
OO
π∗L•f2 ⊗ E3[1]
(π∗ j2[1]⊗id)[1]
OO
coker(Φ2 ◦Φ1)
At(Φ2◦Φ1)
//
i3
OO
π∗L•f ⊗ E3[1]
(π∗ j3⊗id)[1]
OO
coker(Φ1)
i1
OO
(id⊗Φ2)◦At(Φ1)
// π∗L f ∗2
(
L•f1
)
⊗ E3[1]
(π∗ j1⊗id)[1]
OO
We prove diagram (65) is commutative. For this, once again consider the fol-
lowing the commutative diagrams of sheaf of graded algebras:
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O
S×M
−→v ∗
1
// O
S×M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )
T (S,q)
⊕ E1 // O
S×M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )
T (S,q)
⊕ E3
O
S×M
−→v ∗
1
// O
S×M (
−→v ∗
1
,−→v ∗2 )(S,q+≫)
⊕ E1 //
OO
O
S×M (
−→v ∗
1
,−→v ∗2 )(S,q+≫)
⊕ E2,
OO
and
O
S×M (
−→v ∗
1
,−→v ∗2 )(S,q+≫)
// O
S×M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )
T (S,q)
⊕ E2 // O
S×M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )
T (S,q)
⊕ E3
O
S×M
−→v ∗
1
//
OO
O
S×M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )
T (S,q)
⊕ E1 //
OO
O
S×M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )
T (S,q)
⊕ E3,
Here, for each vertex on the middle and right columns of both diagrams, the
first summand is in degree zero, and the second summand is in degree 1. Once
again, we will take advantage of Illusie’s exact triangles of transitivity of the rela-
tive graded cotangent complexes associated to each row of the diagram (see [Ill,
IV.2.3]). The vertical maps in the two diagrams above, induce the natural maps
between the corresponding graded cotangent complexes in the exact triangles of
transitivity, in such a way that all the resulting squares are commutative. Let
us again take advantage of the operator ki(−), i = 0, 1, which takes the degree i
graded piece of a graded object. Applying k1(−) to the above two diagrams, we
get the commutativity of the following two squares:
coker(Φ2 ◦Φ1) //
(
π∗L•f ⊗ E3[1]
)
⊕ E2[1]
coker(Φ1)
i1
OO
//
(
π∗L f ∗2
(
L•f1
)
⊗ E3[1]
)
⊕ E1[1],
(π∗ j1⊗id⊕Φ1)[1]
OO
and
coker(Φ2) //
(
π∗L•f2 ⊗ E3[1]
)
⊕ E3[1]
coker(Φ2 ◦Φ1) //
i3
OO
(
π∗L•f ⊗ E3[1]
)
⊕ E2[1].
(π∗ j3⊗id⊕Φ2)[1]
OO
Here in both square diagrams, the horizontal arrows are parts of the triangles of
transitivity (after taking the degree 1 graded pieces).
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Remark 8.5. Here we have used the base change property for the cotangent complexes,
as already employed in Section 7.1 (see [Ill, II.2.2]), as well as the following isomorphisms
k0
(
L
•,gr
(B0⊕B1)/(A0⊕A1)
)
∼= L•B0/A0 , k
1
(
L
•,gr
(A0⊕C1)/(A0⊕A1)
)
∼= coker(s),
where A0⊕ A1 → B0⊕ B1 and A0⊕ A1
id⊕s
−−→ A0⊕C1 are the homomorphism of graded
C-algebras (summands with index i are in degree i), and furthermore s is injective. These
identities follow from [Ill, IV (2.2.4), (2.2.5), (3.2.10)].
Now projecting to the first factors in the second columns of the last two di-
agrams, and using the definition of Atred(−) given in Section 7, we obtain the
commutativity of the bottom and middle squares of diagram (65). Since in dia-
gram (65) both columns are exact triangles, the commutativity of the top square
follows, and hence we have proven that the whole diagram (65) commutes. Now
recall from Step 2 in the proof of Theorem 7.3, that the maps αi : F
•
fi
→ L•fi are
naturally induced from the Atiyah classes Atred(Φ1) and Atred(Φ2). Hence, by
the definition of the map r in Step 1 of the proof, the commutativity of diagram
(61) is equivalent to the commutativity of the top square in diagram (65) proven
above, and hence the proof of lemma is complete.
q.e.d.
Now it follows that themap α3 in diagram below is induced by the commutativ-
ity of diagram (61) and the property of exact triangles, and therefoew this makes
the whole diagram of exact triangles commutative:
(66) F•f2 [−1]
α2[−1]

r
// L f ∗2 (F
•
f1
)
f ∗2 (α1)

// Cone(r) =: F•f
α3

✤
✤
✤
L•f2
[−1]
j2
// L f ∗2 (L
•
f1
)
j1
// L•f ,
where the bottom row is the exact triangle (58).
Proposition 8.6. α3 : F
•
f → L
•
f is a relative perfect obstruction theory.
Proof. This can be deduced from the construction of α1 and α2 as perfect defor-
mation obstruction theories. The rightmost column of Diagram (66) is induced
by taking the cone of the map between left two columns. A long exact sequence
of cohomology applied to both rows of the diagram immediately shows that F•f
has non-vanishing cohomologies only in degrees 0,−1. Moreover, the long ex-
act cohomology sequence of both rows in degrees 0 and −1, and application of
4-Lemma immediately shows that since h0(αi), i = 1, 2 is an isomorphism, then
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h0(α3) is an isomorphism. Furthermore, the surjectivity of h
−1(αi), i = 1, 2 and
the 4-Lemma implies surjectivity of h−1(α3). q.e.d.
Proposition 8.7. The moduli space M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)
T (S, q) is equipped with the perfect
absolute obstruction theory F• with the derived dual
F•∨ ∼= Cone
[ 3⊕
i=1
RH omπ (Ei, Ei)
]
0
[
−Ξ′1 Ξ1 0
0 −Ξ′2 Ξ2
]
−−−−−−−−−−−−→
2⊕
i=1
RH omπ (Ei, Ei+1)
 ,
(67)
where [−]0 means the trace-free part.
Proof. First note that by construction, for i = 1, 2,
F•∨fi = Cone
(
RH omπ (Ei+1, Ei+1)
Ξi−→ RH omπ (Ei, Ei+1)
)
.
and consider the following two commutative diagrams
RH omπ (E3,E3) // RH omπ (E2, E2)⊕ RH omπ (E3,E3) //[
Ξ1 0
−Ξ′2 Ξ2
]

RH omπ (E2,E2)
[Ξ1 −q◦Ξ′2]
t

RH omπ (E3,E3)
[0 Ξ2]t
// RH omπ (E1, E2)⊕ RH omπ (E2,E3)[
id 0
0 q
]// RH omπ (E1,E2)⊕Cone(Ξ2)
and
Cone(Ξ1)[−1] //
r∨[−1]

RH omπ (E2, E2)
Ξ1
//
[Ξ1 −q◦Ξ
′
2]
t

RH omπ (E1, E2)
Cone(Ξ2) // RH omπ (E1, E2)⊕ Cone(Ξ2) // RH omπ (E1, E2)
in which all four rows are natural exact triangles and q : RH omπ (E2, E3) →
Cone(Ξ2) is the natural map . Now we can take the cone of the vertical maps in
the second diagram and obtain
F•∨f
∼= Cone(r∨[−1]) ∼= Cone([Ξ1 − q ◦ Ξ
′
2]
t),
which by the commutativity of the squares in the first diagram implies that
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F•∨f =Cone
(
RH omπ (E2, E2)⊕RH omπ (E3, E3)(68) (
Ξ1 Ξ2
Ξ′2 0
)
−−−−−−−→ RH omπ (E1, E2)⊕ RH omπ (E2, E3)
)
.
As in the proof of Theorem 7.4, the fact that M
−→v ∗1 is smooth, now can be used to
show that
(69) F• := Cone(F•f
θ
−→ f ∗Ω
M
−→v ∗1
[1])[−1],
is a perfect absolute obstruction theory for M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)
T (S, q). Moreover, using
similar procedure as in Theorem 7.4 we can show that
F•∨ =Cone
([
RH omπ (E1, E1)⊕ RH omπ (E2, E2)⊕ RH omπ (E3, E3)
]
0
→ RH omπ (E1, E2)⊕ RH omπ (E2, E3)
)
,
where the arrow is as claimed in the statement of the Proposition. q.e.d.
Corollary 8.8. Let M
(−→v ∗1 ,··· ,
−→v ∗r )
T (S, q+≫), r > 3 be the projective moduli schemes
of q+≫-stable triples with fixed numerical data (
−→v ∗1 , · · · ,
−→v ∗r ), satisfying the condition
that for i = 1 either rk(E1) = 1 or that gcd(r1, deg(E1)) = 1, and for all i > 1 we
have that ri ≤ ri+1. Let S be a smooth projective surface such that KS ≤ 0. Then
M
(−→v ∗1 ,··· ,
−→v ∗r )
T (S, q+≫) is equipped with a perfect absolute obstruction theory F
• with the
derived dual
F•∨ ∼= Cone

[
r⊕
i=1
RH omπ (Ei,Ei)
]
0

−Ξ′1 Ξ1 0 . . . 0 0
0 −Ξ′2 Ξ2 0 . . . 0
· · . . . · · ·
· · . . . · · ·
· · . . . · · ·
0 0 . . . 0 −Ξ′r−1 Ξr−1

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
r−1⊕
i=1
RH omπ (Ei,Ei+1)

,
where [−]0 means the trace-free part.
Proof. This can be done by induction on r. q.e.d.
HIGHER RANK FLAG SHEAVES ON SURFACES 46
8.1. Reduced perfect obstruction theory. Let us assume that pg(S) > 0, and con-
sider a scenario in which the moduli space of q+≫-stable flags
E1
φ1
−→ E2
φ2
−→ · · ·
φn−1
−−→ En
satisfies the condition that there exists some 1 ≤ i ≤ n such that Ei is given by
a stable torsion-free sheaf of rank 1 on S, i.e. a twisted (by a Cartier divisor Di)
ideal sheaf of zero dimensional subscheme Zi of length ni in S. Then, by our
construction of the moduli space of q+≫-stable flags, the injectivity of morphisms
φi, i = 1, · · · n− 1 implies that all torsion-free coherent sheaves Ej, 1 ≤ j < i must
be given as twisted ideal sheaves on S. An instance of this situation was given
as the summand M
ωS
h (v)
C∗
(1,1,2)
in decomposition (37) of the monopole branch in
Section 6.1. Without loss of generality let us consider such scenario in the context
of moduli space of stable flags of length 3. Let us assume that the chern character
vectors −→v ∗1 ,
−→v ∗2 ,
−→v ∗3 are given such that M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)
T (S, q+≫) parametrizes flags
where the first two terms are given as twisted ideal sheaves of zero dimensional
subschemes, and the third term is given by possibly a higher rank torsion-free
coherent sheaf on S:
IZ1(−D1)
φ1
−→ IZ2(−D2)
φ2
−→ E3.
Here Zi ∈ S
[ni], i = 1, 2 are zero dimensional subschemes of S of colength ni, i =
1, 2, and Di, i = 1, 2 are Cartier divisors in S. Twisting away by D1, one can view
the moduli space as the one parametrizing
IZ1
φ1
−→ IZ2(C)
φ2
−→ E3,
where both φ1 and φ2 are nonzero maps upto multiplication by scalars and in
fact are injective by our choice of stability, and C is an effective curve with class
β ∈ H2(S,Z). Note that by construction and our choice of Chern characters above,
M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) and M
−→v ∗1 are the two-step Nested Hilbert scheme S
[n1,n2]
β in
[GSY17a, Definition 2.1] and Hilbert scheme of points S[n1] respectively.
We are going to argue that in our inductive construction of the perfect obstruc-
tion in Section 8, the relative obstruction theories in each step (c.f. Equation (58))
will induce a surjective co-section of their relative obstruction sheaves which will
force the virtual fundamental cycle associated to the final perfect obstruction the-
ory to vanish. Let usmake an assumption that any effective line bundle L ∈ Pic(S)
with c1(L) = β, satisfies the condition that
(70) |L−1 ⊗ ωS| = ∅ or equivalently H
2(L) = 0.
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By construction in Theorem 7.3 the relative deformation-obstruction complex for
the map f1 in
M
(−→v ∗1 ,
−→v ∗2)(S, q+≫)
f1
−→ M
−→v ∗1
is given by
F•∨f1
∼= Cone
(
RH omπ (E2, E2)
[(Ξ′,Ξ)]
−−−−→ RH omπ (E1, E2)
)
We then get a natural morphism in the derived category
µ f1 : F
•∨
f1
→ RH omπ (E2, E2) [1],
that induces
h1(µ f1) : h
1(F•∨f1 )
∼= E xt2π
(
E2/E1, E2
)
→ E xt2π
(
E2, E2
) ∼= R2π∗O
S×S
[n1,n2]
β
∼= O
pg
M
(−→v ∗
1
,−→v ∗2 )(S,q+≫)
,
where second isomorphism is by Serre duality and stability of E2. We claim now
that h1(µ) is surjective. To see this, by basechange, it suffices to prove fiber-
wise surjectivity of h1(µ). Let t : p →֒ M (
−→v ∗1 ,
−→v ∗2)(S, q+≫) be the inclusion of
an arbitrary closed point p = {IZ1
φ1
−→ IZ2(C)} ∈ M
(−→v ∗1 ,
−→v ∗2)(S, q+≫). Then, by
basechange we have the natural exact sequence9
· · · → h1(Lt∗F•∨f1 )
h1(µ f1)p−−−−→ Ext2S(IZ2(C), IZ2(C))
u
−→ Ext2S(IZ1 , IZ2(C)) → 0.
The surjectivity of the morphism u was established in Step 1 of the proof of Theo-
rem 7.3. We obtain
Ext2S(IZ2(C), IZ2(C))
∼= Ext2S(IZ2 , IZ2)
∼= H2(OS),
Ext2S(IZ1 , IZ2(C))
∨ ∼= HomS(IZ2 , IZ1(C)⊗ωS) ⊆ HomS(IZ2 ,OS(C)
D) ∼= H0(OS(C)
D).
By assumption (70), H0(OS(C)
D) = 0, and hence h1(µ f1)p is surjective and the
claim follows. Now consider the morphism f is defined as the composition of f1
and f2 in (58)
M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(S, q+≫)
f2
−→ M (
−→v ∗1 ,
−→v ∗2)(S, q+≫)
f1
−→ M
−→v ∗1
9Note that Ext3S(coker(φ1), IZ2(C)) = Ext
3
S(IZ2(C), IZ2(C)) = 0.
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Using the iterative cone construction in Diagram (66) we obtained that
F•∨f =Cone
(
RH omπ (E2, E2)⊕RH omπ (E3, E3)(
Ξ1 Ξ2
Ξ′2 0
)
−−−−−−−→ RH omπ (E1, E2)⊕ RH omπ (E2, E3)
)
.
Therefore, similar to the argument above we obtain a composite morphism in the
derived category
µ f : F
•∨
f →
(
RH omπ (E2, E2)⊕ RH omπ (E3, E3)
)
[1] → RH omπ (E2, E2) [1],
where the second morphism is the projection onto the first factor of the middle
term. Now taking the first we obtain
h1(µ f ) : h
1(F•∨f )
∼= Coker
(
E xt1(E2, E2)⊕ E xt
1(E3, E3) → E xt
1(E1, E2)⊕ E xt
1(E2, E3)
)
→ E xt2π
(
E2, E2
)
⊕ E xt2π
(
E3, E3
)
→ E xt2π
(
E2, E2
) ∼= R2π∗O
S×S
[n1,n2]
β
∼= O
pg
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(S,q+≫)
,
Now let t′ : p′ →֒ M (
−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(S, q+≫) be the inclusion of an arbitrary point
p′ = IZ1 → IZ2(C) → E3 lying in the fiber of M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(S, q+≫) over p ∈
M (
−→v ∗1 ,
−→v ∗2(S, q+≫). We can then repeat the same argument and show the fiberwise
surjectivity of the map h1(µ f ). Finally, consider the morphism θ in (69). Taking
the cohomology in degree 1 we obtain the diagram
Ext1S(IZ1 , IZ1)0
h1(θ∨)p′
// h1(F•∨f )
//
h1(µ)p′

h1(Lt′∗F•∨) // 0
Ext2S(IZ2(C), IZ2(C))
where the first row is exact by the proof Proposition 7.4. But since
h1(µ)P ◦ h
1(θ∨)P = 0,
the surjection h1(µ)p′ factors through h
1(Lt′∗F•∨). Therefore since the choice of
p, p′ are arbitrary, by basechange again there exists a surjection
h1(F•∨)→ O
pg
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(S,q+≫)
.
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Proposition 8.9. If the condition (70) is satisfied and pg(S) > 0, then,
[M (
−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(S, q+≫)]
vir = 0.
Proof. Under the assumptions of the proposition, we showed above that the
obstruction sheaf admits a surjection
h1(F•∨) → O
pg
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3)(S,q+≫)
[1 ... 1]
−−−→ O
M
(−→v ∗
1
,−→v ∗2,
−→v ∗3 )(S,q+≫)
,
and hence the associated virtual class vanishes by [KL13, Theorem 1.1]. q.e.d.
Remark 8.10. Roughly speaking, given a flag
IZ1
φ1
−→ IZ2(C)
φ2
−→ E3,
one would expect to obtain two factors of trivial bundles in the obstruction sheaf of F•
induced by C∗ automorphisms of E1 ∼= IZ1 and E2
∼= IZ2(C) . We have already taken
the first trivial factor out in the very construction of F• in Proposition 8.7 by taking the
trace-free part of the first term on the right hand side of (67), and the procedure elaborated
above proves the existence of the second trivial factor induced by the automorphisms of E2.
Hence to obtain a nontrivial virtual cycle one needs to reduce the obstruction theory by
removing the latter trivial bundle of rank pg as will be elaborated below.
Definition 8.11. The map h1(µ f ) induces the morphism in derived category
F•∨ → h1(F•∨)[−1] → h1(F•∨f )[−1]
h1(µ)
−−−→ O
pg
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(S,q+≫)
[−1].
Dualizing gives a map O
pg
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(S,q+≫)
[1] → F•. Define F•red to be its cone.
We will now show that under a stronger condition than (70), F•red gives rise to
a perfect obstruction theory over M (
−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(S, q+≫). First note that the curve
class β ∈ H1,1(S) ∩ H2(S,Z) defines an element of H1(ΩS) and consider the nat-
ural pairing TS ⊗ΩS → OS. This condition is
10
(71) H1(TS)
∗∪β
−−→ H2(TS ⊗ΩS) → H
2(OS) is surjective.
To show F•red gives rise to a perfect obstruction theory we use the procedure
explained by Kool-Thomas in [KT14]. S is embedded as the central fiber of an
algebraic twistor family SB → B, where B is a first order Artinian neighborhood
of the origin in a certain pg-dimensional family of the first order deformations of
S. More explicitly, let
V ⊂ H1(TS)
10This is condition (3) in [KT14].
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be a subspace over which ∗ ∪ β in (71) restricts to an isomorphism, and let m
denote the maximal ideal at the origin 0 ∈ H1(TS). Then,
B := Spec(OV/m
2),
and SB is the restriction of a tautological flat family of surfaces with Kodaira-
Spencer class the identity in
H1(TS)
∗ ⊗ H1(TS) ∼= Ext
1(ΩS,OS ⊗ H
1(TS)).
The Zarisiki tangent space TB is naturally identified with V. By [KT14, Lemma
2.1], SB is transversal to the Noether-Lefschetz locus of the (1, 1)-class β, and as a
result, β does not deform outside of the central fiber of the family. Using this fact,
as in [KT14, Proposition 2.3], one can show that
(72) M (
−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(S, q+≫)
∼= M (
−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(SB/B, q+≫),
where the right hand side is the relative moduli space of the family SB → B.
Remark 8.12. In cases where more terms in a given flag are given by twisted ideal
sheaves, for instance the three-step nested Hilbert scheme S
[n1,n2,n3]
β1 ,β2
[GSY17a], one needs
to modify this construction by defining a family SB which is transverse to Noether-
Lefschetz loci of more fixed (1,1)-classes, for instance in case of three step nested Hilbert
scheme, β1 and β2.
We denote
E1 → E2 → E3
to be the universal objects over SB ×B M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(SB/B, q+≫), which by our
assumption, fiberwise over b ∈ B and p ∈ M (
−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(SB/B, q+≫) we have
that E1 ∼= IZ1 and E2
∼= IZ2(C). Now let π be the projection to the second factor
of SB ×B M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(SB/B, q+≫). The arguments of Section 7.1 can now be
adapted to prove that
Cone
[ 3⊕
i=1
RH omπ (Ei, Ei)
]
0
[
−Ξ′1 Ξ1 0
0 −Ξ′2 Ξ2
]
−−−−−−−−−−−−→
2⊕
i=1
RH omπ (Ei, Ei+1)
 ,
is the virtual tangent bundle of a perfect B-relative obstruction theory G•rel →
L•
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(SB/B,q+≫)
, and
G• := Cone (G•rel → ΩB[1]) [−1] → L
•
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(SB/B,q+≫)
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is the associated absolute perfect obstruction theory. By the definitions of F• and
G•rel, and the isomorphism (72), we see that F
• ∼= G•rel. Now we claim that the
composition
G• → G•rel
∼= F• → F•red
is an isomorphism. By the definitions of G•rel and F
•
red, to prove the claim, it suffices
to show that
(73) O
pg
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(SB/B,q+≫)
→ F•[−1] ∼= G•rel[−1] → ΩB
is an isomorphism. By the Nakayama lemma we may check this at a closed point
p = IZ1
φ1
−→ IZ2(C)
φ2
−→ E3 ∈ M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(S, q+≫). We define the reduced Atiyah
class corresponding to p as follows. Consider the natural homomorphisms of
sheaf of graded algebras on S
OS
// OS ⊕ IZ1
// OS ⊕ IZ2(C)
The degree 1 part of the transitivity triangle associated to the graded cotangent
complexes induced by the second row gives the first arrow in
(74) coker(φ1)→ k
1
(
L
•,gr
OS⊕IZ1
⊗ (OS ⊕ IZ2(C))
)
[1]
project
−−−→ ΩS ⊗ IZ2(C)[1].
Define Atred(φ1) to be the composition of these two arrows. After dualizing (74)
and using the identifications above the pullback of (73) to p becomes
TB = V ⊂ H
1(TS)
Atred(φ1)
−−−−−→Ext2(coker(φ), IZ2(C))
h1(µ)p
−−−→Ext2(IZ2(C), IZ2(C))
tr
−→ H2(OS).
Here as in [KT14], one needs to use a similar argument as [MPT10, Proposition 13]
to deduce that the composition of G•rel → L
•
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(SB/B,q+≫)
and the Kodaira-
Spencer map L•
M
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(SB/B,q+≫)
→ ΩB[1] for M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(SB/B, q+≫) co-
incides with the cup product of Atred(φ1) and the Kodaira-Spencer class for S.
Similar to [ibid], this is achieved by relating the reduced Atiyah class of SB ×B
M (
−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(SB/B, q+≫) from the transitivity triangle associated to the natural
maps of sheaves of graded algebras
OB → OSB×BM
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(SB/B,q+≫)
⊕I [n1] → O
SB×BM
(−→v ∗
1
,−→v ∗2 ,
−→v ∗3 )(SB/B,q+≫)
⊕I
[n2]
β
to the reduced Atiyah classes of each factors.
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Lemma 8.13. h1(µ)P ◦Atred(φ1) = At(IZ2(C)), where
At(IZ2(C)) ∈ Ext
1(IZ2(C),ΩS ⊗ IZ2(C))
is the usual Atiyah class.
Proof. Consider the commutative diagram of sheaves of graded algebras with
all unlabelled arrows are the obvious natural maps:
C // OS ⊕ IZ1
(id,φ1)
// OS ⊕ IZ2(C)
C // OS //
OO
OS ⊕ IZ2(C).
Taking the degree 1 part of the the transitivity triangles of the rows followed by a
projection as in the definition of Atred(φ1) above we get the commutative diagram
coker(φ)
Atred(φ1)
// ΩS ⊗ IZ2(C)[1]
I2(C)
At(I2(C))
//
h1(µ)P
OO
ΩS ⊗ IZ2(C)[1]
proving the lemma. q.e.d.
But by [BFl03, Prop 4.2],
tr ◦At(IZ2(C)) = − ∗ ∪β,
which by condition (71) is an isomorphism when restricted to V ⊂ H1(TS), and
hence the claim is proven. We have shown
Proposition 8.14. If the condition (71) is satisfied, then, F•red is a perfect obstruction
theory on S
[n]
β , and hence defines a reduced virtual fundamental class
[M (
−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(S, q+≫)]
vir
red ∈ Ad′(M
(−→v ∗1 ,
−→v ∗2 ,
−→v ∗3)(S, q+≫)), d
′ = rk(F•) + pg(S).
q.e.d.
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